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ABSTRACT
A brake disc rotor forms pan of a foundation brake and rotates with the wheel hub 
assembly. The main function of a foundation brake is to generate a retarding torque by 
converting mechanical energy to thermal energy by virtue of the frictional work done in 
relative sliding at the rotor-pad interface. In practice, most brake discs arc made from 
cast iron and in use arc sometimes subjected to high thermal stresses which can lead to 
permanent plastic deformation and occasionally rotor cracking. The aim of the present 
work is to investigate the thermal response of such a cast iron brake disc using the finite 
element (FE) method. One particular existing brake disc design for a medium passenger 
car was chosen for the investigation. This is a "back-vented" disc designed to minimise 
disc coning but the present work also includes an investigation of a conventional "front- 
vented" disc similar in dimension to the back-vented disc but with different detailed 
geometry. Experimental work was undertaken to derive the rotor material properties in 
tension and compression as a function of temperature. This data was used to generate 
suitable FE material model routines which accurately allow for the different 
temperature-dependent yield properties of cast iron in tension and compression. The 
modelling work highlights the role of the rotor geometry in controlling the thermal 
response of the structure but. more importantly, the necessity for an accurate material 
model is illustrated, particularly with regard to its ability to predict the accumulation of 
plastic strain which may lead to rotor cracking. Using the most accurate user developed 
material subroutine, the thermal response of the back-and front-vented disc designs are 
compared: the back-vented disc suffers lower thermal distortion but at the expense of 
higher plastic strain accumulation, particularly near the point of attachment of the vanes.
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Chapter I Introduction and Literature Review
CHAPTER 1 
INTRODUCTION ANI) LITERATURE REVIEW
1.1 INTRODUCTION TO AUTOMOTIVE DISC BRAKES
A brake disc rotor is the rotating part of a disc brake assembly normally located on the 
front axle. It consists of a rubbing surface, a top-hat and a neck section. The rubbing 
surface is where a tangential friction force between the rotor and the stationary pad is 
generated that gives rise to the brake force in the tyre-ground plane which retards the 
vehicle. The top-hat section is mounted to the hub of the wheel. The connection 
between the rubbing surface and the hat is known as the neck. Brake discs are favoured 
by most manufacturers of passenger cars as the standard foundation brake at the front 
wheel. A drum brake, in contrast, is an internal expanding type of brake that uses a 
device for expanding two shoes against a rotating drum when the brake pedal is 
depressed. Typical disc and drum brakes arc shown in Figure 1.1. Drum brakes are 
currently fitted to the rear axle of some vehicles because of lower manufacturing costs.
At the present time, the disc brake used in most high-specification cars has a vented 
rotor consisting of separate inboard and outboard rubbing surfaces (or checks) that are 
connected by fins (or vanes). Thus, air can How between the rubbing surfaces for 
cooling the brake disc both during and after braking. In practice, the neck of the brake 
disc can be connected to cither the outboard or inboard rubbing surface. The outboard 
connection design, known as a front-vented disc, is the most common. On the other 
hand, the inboard connection is used in a back-vented disc as shown in l-'igure 1.2. Both 
brake disc designs may use the same calipers to house the pistons that arc used to press 
the pads of friction material against the rubbing surfaces of the brake disc and so 
generate the friction forces. Typically, brake calipers can be classified into two
1
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categories: fixed calipers and floating calipers as shown in Figure 1.3. The fixed caliper
is rigid and requires at least one piston located on each side of the rotor to push the pads
against the rubbing surface. In the case of the floating caliper, a minimum of one piston
is located on the inboard side. When the brake fluid applies a pressure to the piston, the
reaction force in the opposite direction will cause the housing of caliper, known as  the
Finger or paw, to move towards the pad on the outboard side of the caliper. The floating
caliper then acts as a simple hydraulic clamp.
"Coning" is an axial distortion of the brake disc planar geometry which results in the 
disc taking up a conical shape. Generally, it occurs due to the different thermal 
expansions of the outboard and inboard cheeks as a result of the asymmetric radial 
constraint from the cooler top-hat and neck. The importance of reducing brake disc 
thermal displacements in general and "coning" in particular has been realised in order to 
control the pressure distribution between the pads and brake rotor. If brake disc coning 
occurs, high localised pressures and temperature distributions are developed, resulting 
in high pad wear rates. Metzler [ 11 reviewed brake disc development from the First disc 
brakes in the early 1950s and described many innovative brake disc designs introduced 
in order to control coning with different forms of rotor connection, hat si/e and 
machined undercut grooves at the neck.
In addition, other factors that are taken into account in the development of disc brakes 
are noise and self-excited vibration during operation. However, these are specialised 
problem areas that are not considered further in this thesis which concentrates on 
analysing the problems of thermal distortion and rotor cracking as outlined below.
2
1.1.1 ROTOR CRACKING
Rotor cracking is a problem that particularly affects vented discs subject to extreme 
loading conditions Angus et al. [2| reported that cracks on the rubbing surface as shown 
in Figure 1.4. arose from thermal energy input at the rubbing surfaces which became 
greater than the thermal energy output by convection. The degree of increase of surface 
temperature depended on the thermal conductivity of the brake disc material. If the 
material had low thermal conductivity, the temperature gradient across the brake disc 
thickness was high. As a result, the surface temperature rose faster than that of the brake 
disc body, resulting in different thermal expansions between the surface and body of the 
brake disc. Due to the constraints associated with the cooler brake disc body, 
compressive stresses were induced at the rubbing surfaces and tensile stresses occurred 
over the brake rotor interior. If these thermally induced stresses exceeded a certain 
magnitude or were repeated many times, brake disc cracking could occur.
In addition, Limpert |3] investigated the thermal characteristics of solid cast iron rotors 
that led to surface rupture and cracking. The temperature results obtained from his 
mathematical analyses, which assessed thermal partitioning between the pads and the 
rotor, were correlated with temperature measurements from experimental work. The 
results of the thermal stress analysis revealed that surface rupture occurred when the 
induced compressive stress exceeded the yield strength in compression in a single brake 
application. During repeated braking, the Iatigue properties were a significant factor in 
determining the onset of brake disc cracking.
Rainbolt |4] investigated the effect of disc material selection on cracking in brake discs. 
The investigation was carried out for various test parameters and disc materials using a 
dynamometer. The experimental results revealed that the degree of surface cracking was
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related to the carbon content which had a strong influence on the thermal conductivity 
of the cast iron brake disc material.
Ferdani and Holme [5] studied the influence of brake disc materials on cracking through 
the measurement of rotor temperatures during the brake application using an infra-red 
dual wavelength pyrometer. The results revealed that the cracking of the brake rotor was 
related to the maximum temperature generated at the rubbing surfaces. Also cast irons 
with high levels of carbon had fewer cracks in comparison with low carbon materials.
Although increasing the carbon content in cast iron has the effect of increasing thermal 
conductivity, the yield strength of the material decreases. For this reason. Jimbo et al. 
[6J introduced a new brake disc cast iron which had high carbon content, low silicon 
content and a molybdenum additive in order to improve the thermal conductivity whilst 
minimising the decline in strength. Furthermore, the influence of varying carbon content 
and chemical composition for several different brake discs was investigated. The 
experimental results revealed that the proposed material reduced the degree of cracking 
on the rubbing surfaces.
Apart from the influence of the disc material, the pad material is another factor to be 
considered in rotor cracking. Hllis |7) studied the influence of different pad materials on 
several brake discs where failures were experienced. Several brake disc materials, 
commonly used in Europe, were cyclically tested between surface temperatures of 
100 °C and 600 °C using an inertia dynamometer against hard and soft pad materials. 
The results revealed that most brake disc materials suffered more cracking when tested 
against the hard pad material. However, the brake discs with the high carbon grade cast 
iron were able to withstand cracking against both pad materials.
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1.2 CAST IKON MATERIAL
1.2.1 GENERAL ENGINEERING MATERIAL PROPERTIES
Cast iron is a material (hat has been commonly used to create components of varying 
complexity for a long time. This is because it is relatively inexpensive and easily 
formed into complex shapes. Normally, cast iron consists of two main substances: 
graphite (carbon) flakes and matrix ferrous metal. Both of these constituents have a 
significant influence on the stress-strain response of the material. This is because of the 
weak bonding between the graphite flakes and metal matrix which causing gaps or 
voids to open in the material under tension. Therefore, the compressive strength of cast 
iron is two or three times higher than its tensile strength. In order to capitalise on this 
anisotropy, the cast iron product should be designed to be loaded in compression 
wherever possible.
Gilbert |X| performed tests to obtain essential engineering material data that included 
tensile strength, Young's modulus, thermal conductivity, specific heat and thermal 
expansion on a variety of grey cast irons which were classified using tensile strengths 
according to the relevant British Standard [9]. The strong influence o f  carbon content on 
mechanical and physical properties is clearly seen in these results.
Hecht et al.JIOj measured the specific heat and thermal conductivity at room and 
elevated temperatures of various cast iron materials used in brake discs. They found that 
carbon had a large influence on these properties. In addition, the longer the graphite 
flakes, the greater the thermal diffusivity (ratio of conductivity to the product of specific 
heat and density). However, elevated temperatures largely resulted in reduction of 
thermal diffusivity and conductivity.
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1.2.2 MONOTONIC LOADING STRESS-STRAIN RESPONSE
The stress-strain curve for one direction of loading only in a uniaxial load test is called 
the monotonic stress-strain curve (MSSC). Even though cast iron is a brittle material 
(low strain to failure), there is evidence of inelastic behaviour al relatively low strains. 
Figure 1.5 shows typical stress-strain curves in tension and compression for low carbon 
cast iron in which the deviation from the limited initial linear region is obvious [ 11). In 
tension, this deviation is due to the debonding of the graphite flakes in the material and 
subsequent plastic deformation due to high localised strains in the metal matrix.
To obtain the MSSC at elevated temperature, methods of heating the specimen arc a 
vital key in controlling the temperature conditions. Van Lceuwen | I 2 |  reviewed a 
number of heating methods for metallic specimens such as combustion furnace heating, 
electric induction heating, electronic resistance heating in gas atmosphere, heating with 
incandescent lamps and with electric blankets. In practice, electric induction heating 
provides the fastest temperature response. However it is suitable only for metallic 
specimens tested under atmospheric conditions.
1.2.3 CYCLIC LOADING STRESS-STRAIN RKSPONSK
A different stress-strain curve from the MSSC can exist if the material is subjected to a 
cyclic load. This is called the cyclic stress-strain curve (CSSC) and has a very important 
influence on the fatigue characteristics of a material as indicated in l igure  1.6. This is 
because the CSSC indicates the peaks during cyclic steady state loading. It also 
provides a more meaningful definition of the mechanical behaviour under cyclic loading 
at different strain levels.
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lii theory, if the vertices of stress decrease gradually with the number of cycles, the 
material will be experiencing cyclic softening. If the vertices of stress increase, cyclic 
hardening has occurred. This behaviour can also be investigated by comparing the 
CSSC with the MSSC. Cyclic hardening of a material occurs when the CSSC lies above 
the MSSC, and vice versa for the cyclic softening.
In practice, there are many procedures to determine the CSSC of a material as reviewed 
by Landgraf et al.(13). For example, the multiple step test is used to determine the 
CSSC by connecting the tips of the stable hysteresis loops at each constant strain- 
controlled amplitude. The amplitude is increased after each hysteresis loop becomes 
stable, Figure 1.7 (a). Another technique is known as the incremental step test. In this 
test, the strain-controlled amplitude is increased gradually at each cycle and reduced 
gradually after reaching the desired maximum. Figure 1.7 (b). After a few blocks of 
load pattern have caused a stable superimposed hysteresis loop, the CSSC is determined 
in the same way as for the multiple step test. The great advantage of the incremental 
step test is that it is faster in determining the CSSC than the multiple step test.
In reality, the cyclic stress-strain response varies according to the load pattern, and the 
strain range, strain rate, and temperature. Koibuchi and Kotani 114) studied the cyclic 
stress-strain behaviour of 0.3 percent carbon steel under several constant amplitude tests 
that included the multiple step test and the incremental step test. As a result, the degree 
of cyclic softening from the incremental step test was found to be greater than that from 
the multiple step test. Furthermore, the CSSC can be expressed in the equation for the 
plastic strain and stress amplitudes that can be used to find the fatigue life of the 
material from the Manson-Coffm equation [ 15).
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Gilbert 116] investigated the cyclic strain response of grade 30() cast iron. He found that
the peak tensile stresses decreased gradually and the peak compression stresses
increased with each strain cycle until failure. This was due to the effect of the repeated
opening and closing of gaps between the graphite flakes and metal matrix. The vertices
of stress at the given cycle numbers were used to plot the CSSC shown in f igure 1.8.
This indicates that cyclic softening occurs in tension whilst cyclic hardening takes place
in compression.
To apply and control external loads on specimens in cyclic testing, special grips must be 
designed to prevent or minimise backlash during load reversal. For this reason, grip 
designs and arrangements related to particular specimen designs have been developed 
for particular cyclic load tests. For example. Slot et ul.( 17] designed grips in order to 
have good alignment and rigidity as shown in Figure 1.9. This design minimised the 
likelihood of backlash during tests. However, the assembly of specimens within the 
grips was cumbersome. Another grip design that used a threaded end specimen was 
introduced |I8 ) .  As shown in Figure 1.10, this grip design could be also used with 
induction heating but the insertion and removal of specimens was again difficult.
1.3 FINITE ELEMENT (FE) METHOD
Before the age of computers, analytical methods were used as engineering tools for 
determining the integrity of a design. For example, Dike [19] illustrated that the 
mathematical equations for conduction o f  heat in an isotropic solid could be used to 
investigate the temperature response of brake disc designs by simplifying complicated 
parameters such as temperature dependent material properties, real brake disc geometry 
and complex boundary conditions. However, for real problems involving complex 
material properties and boundary conditions, a numerical method of analysis is more
8
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suitable. I he most popular of the various numerical methods that have been developed
is the finite element (FE) method. Two types of FE analysis are widely used in brake
design: heat transfer analysis to determine transient temperature distributions and
thermal stress analysis to determine stresses and strains due to these non-uniform
temperature distributions.
1.3.1 APPLICATION OF FE TO BRAKE DISC TEMPERATURE ANALYSIS
The nature of the engineering problem to be solved dictates the structure of the finite 
element model which could, for example, be axisymmetric or three dimensional. An 
axisymmetric model is based on the assumption that both the geometry and loading do 
not vary in the circumferential direction which implies that the measurements 
(temperature, stress, etc) are also invariant in the circumferential direction. Using 
complex three-dimensional models, a whole brake disc can be modelled in order to 
obtain such variables. However, one angular sector of a brake disc can also be modelled 
in three dimensions using the concept of cyclic symmetry.
After the brake disc geometry has been modelled, the boundary conditions, i.e. energy 
input and energy output, must be specified. Energy input is in the form of heal flux 
generated at the rubbing surfaces during the brake application. Energy output from the 
brake is defined as the rate of thermal energy transferring to the ambient air. Such 
thermal energy is lost from the structure by the processes of convection and radiation 
but also involves conduction to other parts of the vehicle e.g. the hub and wheel. Blot 
|2()| defined several numerical procedures for ihe temperature analysis of brake discs 
and revealed that the FE technique was the fastest and most accurate for the 
investigation of brake disc performance. Furthermore, the time and cost of prototype 
manufacture and test could be significantly reduced.
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Sheridan et al. [21J reviewed the techniques for modelling the thermal response of brake
discs ranging from simple to complex three dimensional analyses including the methods
to calculate the thermal boundary conditions. They suggested that more than 90% of all
heat dissipated to ambient was transferred by convection for most braking conditions.
Furthermore, the accuracy of thermal brake disc models was dependent on how the
thermal boundary conditions were determined. As well as specifying the energy input
and output accurately, the material properties (e.g. thermal conductivity, specific heat,
etc.) had a great influence on the temperature response.
The heat flux generated at the rubbing surface can transfer to both the rotor and the pad. 
The amount of thermal energy transferred into the brake rotor depends on the 
specification of the friction and disc materials. Yano and Murata [22] performed 
experimental work to determine the amount of heat now from the frictional interface 
into the rotor by conduction. The volume or quantity of heat transferring to the pads, the 
rotor and the ambient air was obtained from the measured temperature gradients and 
heat transfer coefficients. According to their experiments, the heat conduction from the 
rubbing surfaces to the rotor was approximately 72% of the heat generated.
Simple models assume the heat flux to be uniform over the contact region between the 
pad and rotor but in practice non-uniform heat flux occurs during brake application. The 
non-uniform heat flux on the brake disc can be calculated from the non-uniform 
pressure distribution, the local friction coefficient and local sliding velocity along the
pad width [21].
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Samic and Sheridan [23] investigated the effects of friction on the pressure distribution 
between the rotor and the pads with a floating caliper using the FE technique. The 
computational results without the friction forces (static case) revealed that the inboard 
and outboard pressure distributions varied because the locations of the normal forces 
acting on the pads were different on the piston and finger sides of the floating caliper. 
Furthermore, the pressure distributions with the friction forces taken into account were 
different from the static case due to the moment set up between the abutment and the 
friction interface.
Similarly, Lee et al.[2 4 1 studied the pressure distribution between the rotor and the pads 
including the friction force with a floating caliper in order to investigate the motion at 
the friction interface that could be used to determine the onset of disc brake squeal using 
the FE technique. The computed result revealed that the pressure distributions acting on 
the pads were different on the piston and finger sides of the floating caliper. Moreover, 
the axial displacements at the friction interface on the two sides were different.
Richmond et al. [251 studied the pressure distribution at the interface between the pad 
and the brake disc using the FE technique. The heat generation at the interface was 
calculated from the local sliding speed, friction coefficient, and contact pressure. The 
results revealed that the contact pressure peak moved along the pad as wear occurred at 
the interface.
Rinsdorf [26] studied the effect of parameters leading to the non-uniform pressure 
distribution that was a major factor causing high local energy input and, therefore, local 
brake disc cracking. These parameters included the thickness of the backing plate and 
the design of the shim between the piston and the backing plate. It was found that the
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pressure distribution could be made more uniform by carefully designing and 
positioning the shim with respect to the piston. However, no major influence of the 
backing plate thickness was found.
Tirovic and Day [27] considered the influence of friction material compressibility, 
backing plate thickness, coefficient of friction, caliper configuration and disc stiffness in 
the axial direction on the pressure distributions using the FE technique. The results 
showed that the pressure distribution and contact area varied according to all of these 
factors except for the disc stiffness. However, it should be taken into account that the 
effect of thermal distortions such as brake disc coning also causes non-uniform heat flux 
across the rubbing surfaces. When attempting to analyse such gross thermal 
deformations, the assumption of a uniform heat flux over the rubbing surfaces is usually 
sufficiently accurate.
Limpert [28] investigated the temperature performance of a solid brake disc. The 
applied uniform heat flux was calculated from an assumed uniform pressure 
distribution, the coefficient of friction and the heat partitioning between the rotor and 
the pad. The maximum temperatures from calculation and experiment at the rotor 
surface were correlated during a series of brake applications.
Noyes and Vickers [29] predicted the temperature response on the rubbing surfaces of a 
brake disc, using the assumption of a uniform heat flux. The computational results were 
compared with the temperatures measured at the rotor surface on entry to and exit from 
the pad area. It was found that the measured temperature on exit from the pad was 
higher than the temperature calculated using the assumption of uniform heat flux by 
approximately 55°C. Moreover, the calculated temperature was 14°C higher than the
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measured temperature on pad entry. However, for many applications, the effect of this 
circumferential temperature variation, the so-called "rotating heat source" effect, can be 
ignored.
As mentioned above, the majority of the heat generated at the rubbing surface is 
dissipated through the mechanism of convection, conduction and to some extent 
radiation under almost all braking conditions. Thus the definition of the appropriate 
convection heat transfer coefficient for each exterior surface of the brake disc model is 
extremely important.
Schwartz et al.[30| studied design improvements for a cast iron brake disc in order to 
achieve lower temperatures at the rubbing surfaces. To accomplish this objective, the 
predicted temperature responses at the rubbing surface were correlated with 
experimental results by the adjustment of the heat transfer coefficients over the brake 
disc surface. To obtain the heat transfer coefficients, they considered the brake disc 
geometry to consist of simple geometric shapes e.g. discs, cylinders, Hat plates etc. Heat 
transfer coefficients could be estimated from the Nusselt number for these various 
geometric shapes using analytical expressions that were readily available within primary 
sources of literature.
Dennis et al. [31] studied the heat transfer coefficients from a rotating brake disc in an 
airstream. The brake disc was heated using an electronic heater located under the brake 
disc surface. The heat flows were calculated from temperature differences measured by 
thermocouples located in the brake disc. The relationship between the mean Nusselt 
number and Reynolds number was presented. Cobb and Saunders [32] performed a 
similar experiment in order to investigate the heat transfer from a rotating disc but this
Chapter I Introduction and Literature Review
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time iii still air. From the results, the Nusselt number and Reynolds number were 
correlated including the relationship between the measured velocity and the temperature
profiles.
Daudi et al.[331 studied the influence of differing brake disc geometry and the type and 
number of fins on the cooling efficiency of a brake disc using CFD techniques and 
experimental airflow measurements. For the optimum design the resulting increased 
flow rate and air velocity through the vents led to increases of the Nusselt and Reynolds 
numbers which would increase the convective heat transfer coefficients.
1.3.2 APPLICATION O F FE TO BRAKE DISC THERM AL STRESS
A thermal stress analysis of a brake disc uses nodal temperatures as input that are firstly 
calculated in a preceding temperature analysis. Fukano and Matsui [34] applied this 
technique in order to investigate elastic thermal stresses in a brake disc with temperature 
dependent material properties. They found that the maximum calculated tensile stresses 
in brake discs exceeded the tensile strength of the actual brake disc material, resulting in 
cracking in the top-hat section close to the attachment holes which had high stress 
concentration. This prediction of cracking agreed with the experimental results.
Timtner [35] studied the influence of solid brake disc geometry on brake disc coning 
using linear elastic FE models. Nodal temperatures, derived from thermal FE analysis, 
again provided the input to the structural analysis. The effects of changes in the top-hat 
depth, hat thickness and the undercut depth were investigated. The computational 
results revealed that increases of the hat depth and the undercut depth both reduced the 
degree of brake disc coning. However, increases of the hat thickness had the greatest 
infl uence.
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In contrast, Bailey et al.[36] applied the thermal imaging technique in order to obtain 
the temperature distributions as the data input to the thermal stress analysis. The 
procedure for using this technique was divided into a number of stages. Temperature 
data from a camera that recorded thermal images from the brake disc were used to 
generate the input heat flux on the rubbing surface. From a steady state FE temperature 
analysis using this heat flux, the nodal temperatures in the disc could be obtained. A 
similar FE model was then used for the calculation of thermal stress in which the effect 
of circumferential temperature variation was also taken into account. In this analysis, 
non linear stress-strain curves for cast iron in tension only were used. With the thermal 
imaging technique, estimations of the heat partitioning between the rotor and the pads 
and the effects of a non-uniform pressure distribution are unnecessary. However, its 
validity relies on the accuracy of the temperatures measured in the experiment.
In order to accurately predict the induced thermal stress and non-reversible (plastic) 
strain accumulation in a brake disc, it is necessary to improve the accuracy of the 
material model. For example, if cast iron is used, the material model should include 
differences in yield behaviour in tension and compression and also allow for 
temperature dependence. D'Cruz [37] investigated inelastic thermal stresses in a cast 
iron brake disc with a von Mises stress yield surface. The input data for the material 
model was obtained from the compressive stress-strain curve only based on the fact that 
the brake disc cheeks were mainly subjected to compressive thermal load. If plastic 
strain occurred under tension in other areas, the tensile thermal stress was calculated by 
hand from the tensile stress-strain curve and the predicted plastic strain.
In practice, a brake application induces both thermal and mechanical stress in a disc. As 
already stated, the induced thermal stress occurs from the non-linear temperature
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gradient, potentially resulting in plastic strain accumulation. However, the mechanical
loads (i.e. pressure normal to disc over pad area, friction braking drag load, centrifugal
force, and inertia force due to the deceleration of the disc during the brake application)
might also affect the overall stress levels. Medonos [38] investigated the mechanical
and clastic thermal stresses using the FE technique with temperature dependent
properties. A full three dimensional model was necessary in order to take the braking
drag load and the circumferential variation of thermal stresses into account. The results
revealed that the effect of mechanical stresses due to the braking pressure load.
deceleration forces and centrifugal forces were minor and could be neglected. However,
the friction braking drag load induced significant shear stress in the disc.
1.3.3 MATERIAL MODELLING
In inelastic stress analysis, a mathematical equation involving the three principal normal 
stresses, known as a yield function, is generated. If the calculated yield function is 
greater than the yield strength of a material, plastic straining and subsequent strain 
softening or hardening occurs. Generally, there are several yield functions available to 
check whether the stress state is beyond the elastic region. These include the von Mises 
stress criterion, the maximum shear stress criterion and the maximum normal stress 
criterion. If a material is subjected to stresses beyond the elastic region, change of the 
yield surface occurs due to the development of plastic strain. There are two basic types 
of change of the yield surface. One is based on the assumption that the centre of the 
yield surface remains fixed whilst, at the same time, the yield surface expands without 
changing shape. This is known as isotropic hardening. The other, known as kinematic 
hardening, is based on the assumption that the yield surface translates within the stress 
space but does not change size or shape.
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Both the maximum shear stress and von Mises stress criteria are widely used to predict
the yield surfaces of ductile materials because they have been found to fit the
experimental results, Figure 111 [39]. In contrast, the maximum normal stress criterion
is commonly used to predict fracture for brittle materials (e.g. grey cast iron) because
their yield stresses occur at the low strain levels and are difficult to define. Grassi and
Cornet (40] performed experimental work to investigate the fracture properties of grey
cast iron and compared the results with the maximum principal stress criterion as shown
in Figure 1.12. The fracture data are shown to be closely related to the maximum
normal stress criterion in tension. This is because grey cast iron consists of graphic
flakes inside a metal matrix and tensile normal stresses are expected to open voids
between these substances which then acted as cracks. Ihus tensile failure is expected to
occur on the plane normal to the maximum tensile stress. Conversely, in compression
the gaps between the substances are pressed together, resulting in high compressive
strength. According to Grassi and Comet, it seems that the failure of grey cast iron in
compression occurs on planes inclined to the maximum compression stress. The data in
fact lies close to the von Mises stress criterion.
Coffin and Schenectady [1 1[ also studied the flow and fracture of a grey cast iron by 
applying biaxial loads to tube specimens. They reported that the effective stress in the 
iron matrix at the edge of the graphite flakes could be calculated using the maximum 
shear stress or von Mises stress yield criterion. Therefore the theory of generalised 
plastic stress-strain relationships and plastic flow of ductile metals could be applied to 
cast iron in tension.
Since cast iron is widely used in engineering designs, the commercial company who 
developed the well-known FE package ABAQUS (Hibbitt, Karlsson and Sorensen, Inc.)
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decided to develop a special cast iron material model as a standard option |41], The 
yield surface for this model utilises the maximum normal stress and von Mises stress 
criterion in tension and compression respectively. Details of this material model and its 
plastic flow criteria are discussed in Chapter 4. Although the maximum normal stress 
criterion may be used to describe fracture of a brittle solid, there is little evidence that 
this criterion is suitable for describing the yield behaviour of a relatively ductile matrix 
containing voids caused by debonding at the graphite flakes. In fact, yield for such a 
voided solid is usually assumed to be a function of the von Mises stress and current void 
volume fraction [42-43],
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Josefson et al.[44] proposed an alternative material model for cast iron using the user- 
subroutine option in ABAQUS. To avoid using the maximum normal stress criterion, a 
modified von Mises yield criterion was specified in the tensile region by adding the 
tensile and compressive yield strengths in the yield function as defined in Equation 1.1:
F . = ^ S uS i j - p ( ° c - ° , ) * - ^ c ° ,  ’ P < ' ^
F  = — S  S  - —o 2c , P > - ^
2 u 1 3 3
where
F, = Tensile yield function 
F = Compressive yield function 
S|j = Deviatoric stress tensor 
o, = Tensile yield stress 
o  ^ = Compressive yield stress 
P = Hydrostatic pressure
( 1. 1)
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Furthermore, the simple compressive von Mises yield criterion was used in the 
compression region. These two different yield surfaces are governed by the hydrostatic 
pressure and compressive yield strength. If the hydrostatic pressure is more than one 
third of the compressive yield strength, the compressive von Mises yield criterion is 
used; otherwise the modified tensile von Mises yield surface. Equation 1.1, is used. 
However, this particular cast iron material model is independent of temperature. It is 
considered extremely important to take account of the effect of temperature on the yield 
behaviour of cast iron in the analyses of brake rotors since the range of temperatures 
experienced is potentially large. Therefore a von Mises yield criterion with temperature 
dependence in both tension and compression, that is unique and different from 
Josefson’s yield criterion [44], is implemented in Chapter 4.
1.4 SCOPE AND OBJECTIVES OF THESIS
Excessive thermal deformation of cast iron rotors is one of the most serious problems 
facing automotive brake designers as they try to enhance disc brake performance for 
faster and heavier vehicles within tight packaging constraints. In addition, cracking 
sometimes occurs as a result of repeated high speed stops when the brake rotor is 
subject to rapid and severe thermal cycling. It is postulated that this type of failure 
occurs from ductility exhaustion as a result of inelastic (plastic) cyclic strain 
accumulation in the cast iron rotor. Therefore, any attempt to understand or predict this 
mechanism of failure must include the non-linear stress-strain response of the cast iron 
material. Furthermore, the different yield behaviour of cast iron in tension and 
compression should be taken into account. Since temperatures vary considerably in a 
brake rotor under severe braking conditions, it is also necessary to allow accurately for 
the effect of temperature on the non-linear stress-strain response of cast iron. At present, 
the required data does not appear to be available in the literature. Therefore, it is
Chapter I Introduction and Literature Review
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essential to generate such data and then embody it within a suitable analytical model of 
cast iron behaviour in order to accurately predict plastic strain accumulation in brake 
rotors. Thus, the overall aim of the thesis is to determine suitable material models for 
cast iron and to apply them in realistic analyses of typical brake disc designs. Accurate 
predictions of plastic strain accumulation, which may ultimately lead to disc cracking, 
can then be made.
The thesis begins with the literature review contained in this Chapter which has 
introduced automotive brake disc technology together along with a survey of cast iron 
material properties and FE analysis techniques applied to brake discs. The application of 
the FE technique to a back-vented disc design for both temperature and elastic thermal 
stress analysis is presented in Chapter 2. A corresponding front-vented disc design is 
also investigated. The mechanical response of the cast iron material for this particular 
brake disc under uniaxial and cyclic loads at various temperatures is explored in 
Chapter 3 and the techniques used to obtain the stress-strain response at elevated 
temperatures are introduced. Chapter 4 is devoted to the description and development of 
the material models for cast iron to be used in the inelastic thermal stress analysis. The 
applications of these material models to the back-and front-vented disc designs during 
the brake application and cooling period are presented in Chapter 5. In addition, the 
effect of further thermal cycles on both brake disc designs is presented. Discussion of 
results from the computational and experimental work is contained in Chapter 6 whilst 
Chapter 7 is devoted to the conclusions including suggestions for further work.
Chapter I Introduction and Literature Review
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Figure 1.1: Basic types of foundation brake (45]
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Figure 1.2: Typical front-and back-vented discs
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21
Chapter I Introduction and Literature Review
Figure 1.4: Cracking in a vented brake disc [4]
(a) Tension (b) Compression
Figure 1.5: Monotonic stress-strain curves for grey cast iron [ 111
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Figure 1.6: The relation between the CSSC and fatigue life [471
Figure 1.7: Strain time histories for (a) multiple step test, (b) incremental slep test 113]
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Figure 1.10: Grip design for fatigue testing [18]
Figure 1.11: Biaxial yield stress data for Ni-Cr-Mo steel, AISI 1023 steel, 2024-T4 Al 
and 3S-H Al; and fracture stress data for grey cast iron with three different failure 
criteria shown [39]
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Figure 1.12: Biaxial fracture data for grey cast iron compared to the maximum normal 
stress failure criterion [40]
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CHAPTER 2 
INITIAL FINITE ELEMENT ANALYSIS OF BRAKE DISC
2.1 INTRODUCTION
This Chapter concentrates on a linear elastic thermal stress analysis of a new design of 
back-vented high carbon cast iron disc developed by Rover Cars for a medium size yet 
relatively high performance passenger car [48], The purpose is to investigate disc 
performance and verify whether the maximum thermal stress is beyond the proportional 
limit under severe brake conditions. The transient temperature response of the brake 
disc is first required in order to be used as a load input for the thermal stress analysis. In 
this Chapter, an FE model of the Rover disc is subjected to severe thermal cycles using 
the commercial package ABAQUS [41]. The particular cycle chosen for the simulation 
involves successive high 'g' braking of the vehicle from high speed. The details of the 
thermal analysis procedure are firstly described followed by a description of the elastic 
thermal stress analysis. In a parallel study, these analyses are repeated to include the 
investigation of an equivalent front-vented disc design in order to compare the effect of 
brake disc geometry.
2.2 THERMAL ANALYSIS
To investigate the thermal stress behaviour of brake discs under cyclic thermal load, it is 
necessary to obtain typical temperature distributions in these brake discs as a function of 
time. Therefore, the objective of this section is to predict the temperature response of 
the back-vented brake disc design. The techniques and assumptions arc introduced
below.
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2.2.1 M ETHODOLOGY
A basic principle underlying the finite element method applied to heat transfer analysis 
is derived from the variational approach that relies on the minimisation of a functional. 
In the field of heat transfer, the functional is derived from the governing differential 
equation for heat diffusion along with its boundary conditions. To obtain the 
differential equation, the conservation of heat energy is applied to a differential control 
volume (dx . dy .dz) that has heat conduction heat rates (q„ qy and qt) perpendicular to 
each of the control surfaces in the x, y, and z co-ordinate directions respectively. The 
heat conduction rates into the control volume are illustrated in Figure 2.1. The 
conduction heat rates (qx+dx, qy+dy and qI+dz) at the opposite surfaces can then be expressed 
as a Taylor series expansion:
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3 q x ,
q*+d, = q ,  + - ^ dx
qy+dy = q y + ^ d y
a y
(2. 1)
3qz ,
q I+dz =  ^ + ^ 7 d z
v a ^ dT  q* = - k c d y d z —
q y = - k c dx dz —
3T
q* = - k c dx dy ~
where
k c = Conductivity 
T = Temperature
For convenience, the conservation of energy can be expressed in rate form over the 
control volume as shown in Equation 2.2.
Rate of heat increment in the volume (E SI) = rate of heat transfer across its surfaces
+ rate of internal heat generation (E g ) (2.2)
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The rate o f  heat increment in the volume (E m ) is a function of density (p), specific heat
(c) and the rate of temperature increase (3T/9t):
E„ =pc  ^ - d x d y d z  (2.3)
at
The rate of heat transfer across the surfaces is obtained from the sum of the conduction 
heat rates defined in Equation 2.1. The energy source within the volume can be defined 
as the rate of internal heat generation:
E g = v |/dxdydz  (2.4)
where y  is the rate at which energy is generated per unit volume.
Substituting Equation 2.1, 2.3 and 2.4 into Equation 2.2 gives:
dq * , ^q 9q 9T ,
-dx - — Ldy - - ^ - d z  + vj/dxdydz = p c  — d x d y d z  (2.5)
or
3x 3y dz dt
d dT d dT  3 3T 8T
dx dx dy dy dz dz dt
To determine the temperature distribution from Equation 2.6, the physical conditions 
existing at the boundaries must be defined such as surface heat fluxes and convective 
heat transfer coefficients at free surfaces. By expressing this differential equation as a 
functional that is defined as some integral over the control volume and part of its 
boundary, the basic finite element method for heat transfer analysis can be derived using 
the variational approach [49],
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The material properties required for the temperature analysis in brake discs include the
density, specific heat capacity and thermal conductivity. Table 2.1 below shows the
temperature dependent properties for the grade 150 cast iron used in the Rover disc
design [8]. A constant density of 7050 kgm '' was assumed.
T e m p e ra tu re  (°C)
Conductivity 
(W m m 1 °C '1)
Specific heat
(J k g '1 “C*1)
20 0.0533 103
100 0.0525 247
200 0.0515 A l l
300 0.0505 607
400 0.0495 697
Table 2 .1: Material data for grade 150 grey cast iron [8]
2.2.2 F IN IT E  E L E M E N T  M O D E L
In order to accurately conduct the heat transfer and structural analysis of the vented 
rotor design chosen for this study, a 3D model of the brake disc and wheel hub was 
developed. Since the purpose is to predict typical temperature data for investigating the 
thermal stress behaviour, only the area where the brake disc is subjected to high thermal 
load was modelled in detail. Thus, a high mesh density around the vanes is essential to 
allow accurate predictions of both thermal and structural effects in this area. Many 
different models that included different levels of detail and mesh density were explored 
[50]. The final model contains a 15.65° segment of the brake disc and hub meshed using 
nearly three thousand 20 noded solid elements with a quadratic interpolation function as 
shown in Figure 2.2. Note that one complete long vane and two half short vanes have 
been included in the model which allows for the cyclic symmetry that exists in the disc 
(i.e. this segment is repeated 23 times to give the complete brake disc). However, the
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undercut between the bell and the neck has been excluded from the model since the
mesh density around this area will be high, resulting in the increase of time in analysis.
2.2.3 THERM AL LOADING CONDITIONS
The particular cycle chosen from autobahn driving conditions chosen for the simulation 
involved braking the vehicle from an initial velocity of 48 ms 1 (108 mph) to 16.7 ms 1 
(37.5 mph) at a constant deceleration of 0.7g with the brake rotor at an initial uniform 
temperature of 80 °C. The vehicle is subsequently accelerated up to the same initial 
velocity and the rotor is allowed to cool again to 80 °C before the cycle is repeated up to 
seven times (the “Audi eight stop” test). The assumed relative air speed of vehicle in the 
present analysis is shown in Figure 2.3.^For investigating the linear elastic thermal 
stresses in the back-vented disc, only a single cycle of braking and cooling is simulated 
since stresses and deformations are fully reversible and will simply be repeated for any 
subsequent cycle.j
2.2.3.1 ENERGY INPUT
The heat flux generated by pressing the pad against the rubbing surface of the rotor is 
the only source of heat input to the model. The magnitude of this heat flux can be 
calculated from basic energy considerations. The assumption starts with a vehicle of 
mass, M (kg), that has an initial velocity of V, (ms' ) before the brakes are applied to 
give a constant deceleration of a (ms'2) until the final vehicle velocity of Vf (ms ') is 
attained over braking time, At (s). If all the kinetic energy of the vehicle is converted to 
heat, conservation of energy dictates that for the entire vehicle:
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where:
(0 = Angular velocity of rotating parts, (rads ')
I = Moment of inertia of rotating parts, (kgm )
q = Magnitude of heat input, (J)
V
Assuming (o = — where R (m) is the wheel rolling radius, and the moment ot inertia. I, 
R
n • • J •for the rotating parts is I = mk~ where m = mass of rotating parts (kg), and k = radius of
gyration (m) then:
(—M V 2 + - m k 2^ r ) - ( - M V fJ + - m k 2^ y )  n (2 -8>
2  2  R 2 2  2  R  _  q
At At
Substituting V,2 - Vf2 = 2 a AS , where AS = distance travelled (m). Equation 2.8
becomes:
a AS k q (2 9) ------ (M + m —- )  = —
A♦ D - A#
Replacing the term (M + m —- )  with K M and —  with V . the instantaneous velocity (ms '),
R ‘ At
Equation 2.9 becom es:
K V M a  =-9- (2.10)
At
For the purposes of the present analysis, the total mass of the rotating parts, i.e. the 
crankshaft of the engine, transmission system and road wheels, was assumed to be 
around 10 % of the gross vehicle weight although it will vary according to the exact 
vehicle specification. Therefore, as a ball park figure. K was assumed to be 1.1.
Due to the effect of axial load transfer during the brake application, the friction forces 
between tyres and road at the front wheels will be higher than those at the rear wheels. 
This requires a higher front braking effort in order to get maximum deceleration.
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Therefore, a pressure limiting or pressure reducing valve is often used to regulate the
distribution o f  braking effort across the axles in order to optimise the system efficiency.
For the tem perature analysis in this Chapter, 70% of the braking effort was assumed to
act at the front axle. This is a representative value of front axle braking effort found in a
typical two axle road vehicle [51 ]. As a result, the correction factor ( X f ) applied to the
thermal input due to this braking ratio was set to 0.7 i.e. 70 % o f  the total thermal
energy is dissipated at the front wheels.
The thermal energy generated at the brake friction Interface can be transferred to both 
the brake rotor and the pads. This partitioning of the thermal energy is dependent on the 
relative thermal resistances o f  the pad and brake rotor that are functions of their 
respective material densities, heat capacities and thermal conductivities as well as o f  the 
presence o f  any transfer film or third body layer at the rubbing interface. Theoretically, 
the pad thermal resistance should be higher than the rotor thermal resistance in order to 
protect the brake fluid from high temperatures but the value of the thermal resistance 
varies from one pad material to another. For the present analysis, the partitioning factor 
(K p) for thermal input to the brake disc was assum ed to be 95% o f  the total thermal 
energy [3], Therefore, Equation 2.10 becomes:
X f K K V  M a = -9 -  (2 1 1 )
p At
Finally, all vehicles in motion are subjected to rolling resistance due to tyre losses and 
friction in the bearings of the rotating parts of the transmission. The rolling resistance is 
also augmented by engine braking if the vehicle is left in gear during the brake 
application. M oreover, aerodynamic drag forces act to further reduce the vehicle speed 
according to the frontal cross-sectional area of the vehicle and the square o f  the vehicle 
speed. The rolling resistance and aerodynamic drag therefore reduce the kinetic eneii’>
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that m ust be dissipated by the brakes. For the present analysis, the correction factor for 
the rolling resistance and drag force (Kj) was set at a constant 0.725 i.e. 27.5 % o f  the 
kinetic energy was assum ed to be dissipated by the rolling resistance and the 
aerodynamic drag. This value was calculated from the drag power and the rolling 
resistance power required for a typical passenger vehicle on a concrete road 
surface [52]. Therefore, Equation 2.1 I is further modified to obtain the rate o f  thermal 
input per unit rotor rubbing area (Q) as shown in Equation 2.12:
q | K , X f K K V M a
Q  =  K d - f x ---- - =  p-------------- .(W in  I 12)
At n pA n p A
where
K(| = correction factor due to rolling resistance and drag force (0.725)
Xf = proportion o f  braking due to front wheels (0.7)
Kp = proportion o f  heat transferred to disc (0.95)
K = correction factor due to vehicle inertia (1.1)
V = instantaneous velocity ( m s 1)
M = total vehicle mass (1990 kg)
a = deceleration (0.7 g)
np = num ber o f  pads on front axle (4)
A = total rubbing surface area per pad (0.0392 m 2)
The last three param eter values defined above were supplied by Rover for the family 
saloon car for which the brake rotor was designed [48], The heat (lux rate defined in 
Equation 2.12 is a function of vehicle speed but was otherwise assumed to apply 
uniformly over both rubbing surfaces o f  the disc. In reality, the generated heat flux in a 
disc brake is non-uniform  and time-dependent over the rubbing surface due to the 
e llects  o f  pad wear and disc deformation such as coning which cause a biased non
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uniform pressure distribution (23-27,53). Also no account was taken o f  radial variations
o f  sliding speed or spatial variations of heat flux over a single rotation cycle o f  the disc
(the so-called "rotating heat" source effect). These assumptions were made in order to
simplify the thermal analysis which was only intended to predict typical temperature
distributions for input to the thermal stress analysis.
2.2.3.2 E N E R G Y  O U T P U T
Heat loss by convection must be defined in the temperature analysis of the brake disc 
because the vehicle is travelling at high speed and with high rotational velocitv ol the 
brake discs, resulting in a high rate of heat transfer by convection. However, the heat 
loss by radiation was ignored in this analysis because its effects are onl\  s i rm lu a n t  at 
very high temperatures. The convective heat loss was calculated from the Nusselt 
num ber that is itself a function of Reynolds number. Equation 2.14 [31J:
. Nusselt num ber x  Conductivity of air
Heat convection coefficient = ------------------------------------------------------  p  n j
Rotor outer radius
Nusselt num ber = 0.037 x  Reynolds number " s (2.14)
. .  , Air speed x Rotor outer radius
Reynolds num ber = ------- - ----------------------------------- (2.15)
Kinematic viscosity o f  air
A irspeed  = A irspeed  factor x  Current car speed (2.16)
The convective heat transfer can be controlled by using air speed factors that are 
different for different parts of the model geometry. The factors i’i \en  in h i iu ie  1 I are 
derived from sim ilar FE simulations [54] to obtain the best agreement with 
experimental cooling studies on a similar vehicle fitted with a similar brake disc.
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2.2.4 RESULTS AND DISCUSSION
Figures 2.5 and 2.6 show temperature contour plots predicted by the FE analysis at the 
end of the first brake application and at the end o f  the subsequent cooling period 
respectively. In order to investigate the temperature and von Mises stress histories, six 
elements defined (A to F) in Figures 2.5 and 2.6 were selected because these areas arc 
subjected to high temperatures and stresses according to the initial results. From 
Figure 2.5, the temperature gradients between the rubbing surfaces (points A and B) and 
point C, and between points B and D are large at the end o f  the brake application, which 
m ay result in high thermal stresses. In addition, the temperature distribution across the 
outboard surface is more uniform than that across the inboard surface because heat is 
conducted at a more rapid rate from the latter through the neck and the hub. However, 
the m axim um  temperatures on the two rubbing surfaces are very similar at around 
380 °C.
Tem peratures increase non-uniform ly with the braking time according to the position 
considered as shown in Figure 2.7. This analysis indicates that the brake disc is 
subjected to m axim um  temperatures up to around 380 °C at the end o f  the brake 
application. Generally, cast iron will be unable to maintain its rooni-temperaturc 
strength at this high tem perature condition. Therefore, the stress-strain characteristic of 
the brake disc cast iron material is investigated at temperatures up to 4(X) C a s  reported 
in Chapter 3.
Figure 2.8 shows that the temperatures continue to increase at points C and I) during the 
early stages o f  the cooling period because the thermal energy stored at the rubbing 
surfaces is still high. However, these temperatures reduce over the later stages of 
cooling period although they are still slightly high com pared to other areas as shown in
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2.3 ELASTIC STRESS ANALYSIS
2.3.1 INTRODUCTION
The same brake rotor finite element model as shown in Figure 2.2 for the back-vented 
brake disc was analysed for thermal stress at each time step o f  the thermal analysis. The 
elements used were 20 noded brieks with a quadratic interpolation function The 
predicted non-uniform  temperature distributions from the thermal analysis were used as 
the input data in this analysis. To evaluate the thermal stresses caused by these 
tem perature distributions, the elastic von Mises stress (ctc) defined in liquation 2.17 
below was considered, since this parameter, w hich combines the three principal stresses, 
was assum ed to determine yield (onset o f  plastic deformation) in metals:
<Te ~<J2) 2 +  (<*j 2.17
where Oi ©2 and a.i are principal stresses in a Cartesian axis system.
Since the elastic stresses and strains are com plete^  reversible and non cumulative, the 
brake disc model was investigated for one cycle o f  the braking and cooling period only.
2.3.2 METHODOLOGY
The FE m ethodology for stress analysis is similar to that for temperature analysis. It 
assum es that the potential energy (FI) o f  an object, that results from its strain energy (A) 
minus the work done by the external loads (W), should be minimised by differentiating 
with respect to the nodal displacements {U } as shown in equation 2 18:
a n  _  o _  d (A ;_w > (2 . 18 )
a{u>  a { u j
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The strain energy can be calculated from the stresses and strains inside the object. For a
linear elastic material model, the stresses are a function o f  Young's modulus, Poisson's
ratio and the strains. In addition, unrestrained or "free" thermal strains can be calculated
from the temperature change ( AT) and the coefficient o f  linear thermal expansion ( « )
as shown in Equation 2.19:
e =  o  AT (2.19)
Hence, the material properties required for the elastic FE thermal stress analysis are the 
Young's m odulus, Poisson's ratio and the coefficient o f  linear thermal expansion. For 
the present analysis, Young's modulus o f  100 GPa, Poisson’s ratio o f  0 .26 and a 
temperature dependent coefficient o f  linear thermal expansion as shown in Table 2.2
were assumed.
Temperature (°C)
Coefficient of linear 
thermal expansion ( K 1)
20 10.42E-6
200 11.58E-6
400 14.58E-6
Table 2.2: Coefficient o f  linear thermal expansion for grade 150 grey cast iron [8)
2.3.3 BOUNDARY CONDITIONS
Circumferential constraints were applied along both radial sections of the brake disc 
structural model. In addition, an axial constraint was applied to the hub .is s h o w n  in 
Figure 2.9. Only thermal stresses were considered because the m echanical loads due to 
the pad normal pressure, centrifugal force and inertia force are insignificant in 
comparison [38], Therefore, it is the non-uniform distribution o f  temperature that is 
likely to have the m ajor influence on the plastic deformation o f  the brake disc.
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2.3.4 RESULTS AND DISCUSSION
Elastic von Mises stress contours at the end o f  the braking period arc shown in 
Figure 2.10. The points annotated arc the same as in the temperature analysis. It can be 
seen that the brake disc has higher thermal stress on the inboard rubbing surface in 
comparison to the outboard cheek because the former is connected to the neck, resulting 
in higher resistance to radial expansion. Due to the bending o f  the neck as a result of 
this unbalanced radial constraint, m axim um  von Mises stresses actually occur at the 
neck (position D) and at the inner radius of the long vane (position C).
During the cooling period, all induced thermal stresses reduce due to the elastic material 
model and the minimisation o f  high temperature gradients. At the end o f  cooling, 
thermal stresses are virtually zero as shown in Figure 2.1 I .
The bending o f  the neck region at the end of braking is apparent in the displaced shape 
plot of Figure 2.12 w hich also shows that the rubbing surfaces of the disc remain 
relatively straight, indicating a lack o f  coning. At the end of the cooling period, 
Figure 2.13 shows that the disc has virtually returned to its original shape, the remaining 
small radial deform ations being due to the slightly non-uniform temperatures. 
Figure 2.6.
Figures 2.14 and 2.15 show the stress time histories for the selected points during the 
heating and cooling periods respectively. The element centroid stress that is interpolated 
from the integration points is considered instead of the nodal stress because it is 
generally considered to be a more accurate measure o f  the stress within an clement. It 
can be seen from Figure 2.14 that the effect o f  high temperature gradients through the 
brake disc thickness in the early part of the braking cycle causes high thermal stresses at
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the chccks (A and B). These then reduce towards the end of brake application due to the
lower temperature gradients. Conversely, the thermal stresses at the neck regions (points
C and D) increase throughout braking as the temperature o f  the rubbing surfaces
continue to increase.
According to the characteristics o f  cast iron, the proportional limit (elastic limit) is high 
under com pressive load and low under tension. Therefore, the mean elastic stress ( o m) 
defined in Equation 2.20 is used to investigate whether compression or tension exists at 
the critical locations:
ct, + o 1 +g3 (2.20)
CTm~  3
A contour plot o f  mean stress at the end o f  the brake application shown in Figure 2.16 
reveals that com pression occurs at the rubbing surfaces and tension al point C  and D. 
The von Mises stresses at these latter locations (C-D) are definitely beyond the elastic 
proportional limit for the cast iron material at this temperature. For this reason, it is 
necessary to include the plastic region with pressure dependence in the material model 
for more accurately investigating strains and deformations. Derivation o f  a suitable cast 
iron material model for the FE m ethod is investigated in Chapter 4.
2.4 FRONT-VENTED BRAKE DISC ANALYSIS
2.4.1 INTRODUCTION
Since the back-vented disc is a non-typical automotive brake disc, a FE model of the 
front-vented disc m ore com m only  used in the current market was also created in order 
to investigate the effect o f brake disc geometry on the thermal performance. This was 
achieved by simply axially translating the hub and top-hat sections and re attaching the 
neck o f  the latter to the outboard check of the disc as shown in Figure 2.17.
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In the front-vented disc analyses, the cyclic thermal load including the boundary
conditions, i.e. energy input and output, were assum ed to be same as for the back-
vented design. Furthermore, the same constraints and material properties were used for
the elastic stress analysis. Therefore, only the effect o f  brake disc geometry was
investigated.
2.4.2 R E S U L T S  A N D  D IS C U S S IO N
2.4.2.1 T H E R M A L  A N A L Y S IS
Tem perature contours at the end o f  braking application are presented in Figure 2.18. 
The results reveal that the temperatures have similar trends to those o f  the back-vented 
disc except for the area where the neck is connected to the rotor. As expected, the 
m axim um  temperature o f  around 380 °C now occurs at the inboard rotor instead of at 
the outboard rotor for the back-vented disc. The temperature time histories at the chosen 
points (A, B, C and D) during the brake application are shown in Figure 2.19. During 
cooling, the effect o f  the thermal energy stored in the rotor causes the same trends as for 
the back-vented disc.
2.4.2.2 E L A S T I C  S T R E S S  A N A L Y S IS
It can be clearly seen from Figure 2.20 that the outboard thermal stress is higher than 
the inboard thermal stress for the front-vented disc as a result o f  the different neck 
connection. The effect of neck bending which also occurs in the back-vented disc 
similarly causes the m axim um  von Mises stresses at points C and D. The displaced 
shape plot at the end o f  brake application in Figure 2.21 reveals that the rubbing 
surfaces have experienced more coning in comparison to the back-vcnted disc. In the 
early part o f  brake application, Figure 2.22 shows that the thermal stresses at the 
selected points (A, B and D) have the same trends as those for the back-vented disc
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cxccpt at point C where the thermal stress reduces at the end of braking. In contrast, for 
the back-vented disc, the effects of temperature gradients and radial constraints cause 
the thermal stress at point C to increase throughout braking. Figure 2.14. Moreover, 
point C is subjected to a compressive mean stress for the front-vented disc as shown in 
Figure 2.23 com pared  with tension for the back-vcnted disc. Figure 2.16. In addition, 
the mean stress at point D has a negative value, indicating tension at the end of brake 
application. As a result, the induced thermal stress at point D for the front-vented disc 
tends to be well beyond the proportional limit in tension for the cast iron material.
2.5 SUMMARY
2.5.1 TEMPERATURE ANALYSIS
During the brake application, the outboard check of the back-vented disc model attains a 
slightly higher temperature and has a more uniform temperature distribution in the 
radial direction in com parison to the inboard cheek because o f  the effect of conductive 
heat transfer through the neck. The m axim um  temperature al the outer rubbing surface 
is approxim ately 379 °C which is sufficiently high to significantly reduce the yield 
strength o f  the material and so cause high plastic thermal strains. Furthermore, the 
temperature gradient is high at the neck due to the effcct o f  heat conduction to the 
cooler hub. Since there is no thermal input during the cooling period, the thermal energy 
stored in the brake disc rotor is transferred to the surroundings by convection and 
conduction, resulting in an equalised overall brake disc temperature o f  around 80 C as 
required by the test conditions
The effect o f  different brake disc geometry in the front- and back-vented discs is the 
another factor that controls the m axim um  temperature of the rubbing surfaces because 
o f  the effect o f  heat conduction through the neck. However, in general, the temperature
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response of these two brake disc designs is not significantly different.
2.5.2 THERMAL STRESS ANALYSIS
For the back-vented disc model, the effect o f the temperature gradients causes 
som ew hat higher elastic thermal stresses at the inboard cheek of the rotor (154 MPa) 
com pared to the outboard check (99.5 MPa). However, m axim um  von Mises elastic 
stresses occur at the neck (273 M Pa) and near the inner fillet radius of the long vane 
(442 M Pa) due to the constraints applied to the free expansion o f  the rotor rubbing 
surfaces. If these stresses arc beyond the proportional limit, plastic strains would occur 
in the brake disc. For the cast iron material, the magnitude of plastic strains is dependent 
on whether the mean stress is tensile or compressive. Therefore, it is necessary to derive 
a more realistic inelastic material model with different yield surfaces in tension and 
compression for application within the brake disc analysis.
For the corresponding front-vented disc, the induced thermal stress at the outboard 
check is higher than that at the inboard cheek. Furthermore, the inner fillet radius of the 
long vane for the front-vented disc is subjected to high com pressive stress whereas the 
neck experiences tension.
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q i*dz
q >*d>
Figure 2.1: Differential control volume, dx dy dz, for conduction analysis in Cartesian
co-ordinates
Hub
O utboard rubbing surfacc
Inboard rubbing surfacc
Long vane
Short vane
Vent
Figure 2.2: Back-vented brake disc model
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Figure 2.3: Vchicle air speed pattern during braking and cooling for the autobahn
driving conditions
Vcnls (0.08)
Figure 2.4: The air speed factors for heat convection 1541
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Figure 2.5: Tem perature  contours at the end o f  brake application for the back-vented 
disc
E 80 4 °C
Figure 2.6: Tem perature  contours at the end o f  cooling period for the back-vented disc
46
( 'ha/iter 2 Initial Finite Element Analysis o f  Brake Disc
A O utboard rotor
Time (s)
Figure 2.7: Elem ent centroid tem perature histories during first brake application for the 
back-vented disc
100
A O utboard rotor 
B Inboard rotor 
C Inner radius o f  the long vane 
D Neck
200 300 
Time (s)
400 500 600
Figure 2.8: Elem ent centroid temperature histories during first cooling period for the 
back-vented disc
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Circum ferential constraint
Figure 2.9: Constraints for stress analysis
Circum ferential constraint 
/
Axial constraint
E 187 MPa
Figure 2.10: Von Mises stress contours at the end o f  first brake application for the back- 
vented disc
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Figure 2.11: Von Mises stress contours at the end o f  first cooling period for the hack 
vented disc
Axial
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0 162 mm
Figure 2.12: Displaced shape at the end o f  first brake application for the back-vented 
disc (Red indicates original mesh; Black indicates displaced mesh)
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Figure 2.13: Displaced shape at the end o f  first cooling period for the back-vented disc 
(Red indicates original mesh; Black indicates displaced mesh)
Time (s)
Figure 2.14: Element centroid von Mises stress histories during first brake application 
for the back-vented disc
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Figure 2.15: E lem ent centroid von Mises stress histories during first cooling period for 
the back-vented disc
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Figure 2.16: Pressure (m ean stress) contours at the end o f  first brake application for the 
back-vented disc (Negative pressure indicates tensile mean stress)
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Axial constraint
Outboard rubbing surface
Circumferential constraint
Inboard rubbing surface
Circum ferential constraint 
Figure 2.17: Front-vented brake disc model
£1
C: 248 °C
B 3 7 9 °C
51 9°C
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E 254 °C
Figure 2.18: Temperature contours at the end o f  first brake application tor the front- 
vented disc
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Figure 2.19: Element centroid temperature histories during first brake application for 
the front-vented disc
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Figure 2.20: Von Mises stress contours at the end o f  first brake application for the Iront- 
vented disc
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Figure 2.21: Displaced shape at the end o f  brake application for the front-vented disc 
(Red indicates original mesh; Black indicates displaced mesh)
Time (s)
Figure 2.22: E lement centroid von Mises stress histories during first brake application 
for the front-vented disc
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Figure 2.23: Pressure (mean stress) contours at the end of first brake application for the 
front-vented disc (Negative pressure indicates tensile mean stress)
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CHAPTER 3 
MATERIAL PROPERTY TESTS ANI) RESULTS
3.1 INTRODUCTION
Cast iron is a material that has been widely used for a long time in engineering products 
because it is relatively inexpensive and easily formed into complex shapes. Normally, 
the grey cast iron used in a typical brake disc consists o f  two main substances: Graphite 
flakes and a pearlitic matrix metal. This has a significant effect on the stress-strain 
response of the material compared with other more homogenous metals anil alloys 
becausc o f  the opening and closing o f  gaps between the graphite flakes and the metal 
matrix as discussed in Chapter 1. The objective of the experim ents described in this 
Chapter is to find the stress-strain response as a function o f  the load type, i.e. tension or 
compression, and temperature for a typical brake disc cast iron. This investigation 
includes the response under uniaxial and cyclic load using the testing procedures 
defined in the relevant British Standard [551 and Landgraf (13) respectively. I he former 
standard covers the loading conditions, the specimen dimensions and the definitions of 
yield strength, proof strength, etc. The latter was used to determine the cyclic stress- 
strain curve as described in Chapter 1.
In practice, the dim ensions o f  specimens cut from the brake disc cannot comply with the 
British Standard requirement due to the limited size of the disc. Therefore, specific 
specimens were designed and analysed using linear FE techniques in order to maintain a 
uniform  stress distribution within the gauge length and to investigate the stress response 
with several sizes o f  hole used to grip the specimen in tension and compression without 
slippage o r  backlash.
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An induction heating furnace was used to heat the specimens to temperatures between
300-400 °C in addition to the room temperature tests. The relationship between the
crosshead stroke of the test machine and the specimen strain must be known for the
m onotonic stress-strain testing because a strain gauge cannot be used to measure strain
directly at the elevated temperatures.
In addition to the monotonic loading tests, the multi-step approach was applied to find 
the cyclic stress-strain curve (CSSC) o f  the cast iron material. In these tests, the same 
relation between the stroke and the specimen strain from the previous uniaxial load tests 
was used to control the strain amplitude under cyclic loading. The resulting hysteresis 
loops and C S S C ’s at various temperatures are presented in the final section of this 
Chapter.
3.2 SPECIMEN DESIGN AND ANALYSIS
3.2.1 S P E C I M E N  D E S IG N
Specim ens were m achined from the BM W  specification 6(X) 36.0 back-vcnted brake 
disc supplied by Rover cars as indicated in Figure 3.1. The nominal composition o f  the 
grade 150 cast iron is shown in Table 3.1. The final specimen dimensions are indicated 
in Figure 3.2. Although the specimen cannot follow the British Standard specification, 
the results from the FE investigation described below demonstrate that the design is 
satisfactory. The aim o f  this specimen design is to keep the gauge length as long as 
possible to ensure a uniform stress distribution over the central area. Furthermore, the 
cross-section o f  the specimen is square, giving larger cross-sectional area than for the 
corresponding circular cross-section. The square cross-section specimen can therefore 
support a higher load in compression without buckling. In addition, it provides a flat 
surface that can be used to mount a strain gauge.
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Due to the relatively short gripped ends, it was decided to load the specimen through
holes drilled in the specim en in order to prevent any slippage. In the experiments, the
specim ens were subjected to both tension and compression loads. The wedge action
specimen grips were designed to prevent any backlash as the load changes from tension
to compression as described below. Therefore, the same specimen design could be used
for testing under both uniaxial and cyclic loads.
C o m p o s it io n %  weight
Carbon 3.70-3.90
Silicon 1.80-2.20
M agnesium 0.50-0.80
Phosphorous 0.08 (Max.)
Sulphur 0.12 (Max.)
C hrom ium 0.20 (Max.)
Copper 0.25 (Max.)
M olybdenum 0.10 (Max.)
Nickel 0.20 (Max.)
Table 3.1: Com position of the Rover disc cast iron material [48]
3.2.2 A N A L Y S IS  O F  S P E C IM E N S
For the chosen specimen geometry, the shoulders at the end o f  the gauge length and the 
loading holes have the potential to cause failure due to the high stress concentrations 
created when under load. The easiest way to analyse the specimen design is the finite 
e lem ent method. The objective is to investigate the effect o f  the specimen geometry, 
especially the size o f  the holes, before making specimens for the experiments. The 
diameters of the hole were assigned values of 4, 5, and 6 mm. The details of this 
investigation are presented below.
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The A B A Q U S software was used to perform this investigation. By taking advantage of
the test piece symmetry, one quarter of the specimen was modelled with the different
hole diameters of 4, 5 and 6 mm as shown in Figure 3.3. The vertical centre line of the
model was constrained in the horizontal direction. A simple rigid pin model was created
of the same size as the specimen hole in order to represent the contact between the pin
and the hole under tension. The cast iron specimen was assumed to be elastic with
Young's modulus o f  100 GPa and Poisson’s ratio o f  0.26. The pin was subjected to a 10
kN tensile load giving a nominal tensile stress o f  278 M Pa in the gauge length and the
resulting stress distributions is investigated for the different hole sizes.
3 .2 .2 .1 R E S U L T S
Figure 3.4 shows that the specimen with the 4 mm hole diam eter has the lowest von 
Mises stress at the end o f  gauge length compared with the 5 and 6 mm diameter holes, 
the stress concentration factors relative to the nominal gauge length stresses being 1.20, 
1.28 and 1.34 respectively. This  is because the specimen with the smallest diam eter hole 
has more material that can transmit the tension load to the gauge length. It can also be 
seen that the m axim um  von Mises stress around the hole is not greatly affected by the 
hole size (the 5 mm diam eter hole actually gives the lowest stress concentration factor). 
Furthermore, the specim en can stand the high von Mises stress around the hole because 
it is predominantly in compression. Therefore, it can be concluded that the specimen 
with the 4 m m  diam eter hole should be used for the experiments.
3.3 TEST EQUIPMENT
3.3.1 D A R T E C  T E S T  M A C H IN E
Specim ens were tested in a servo-hydraulic Dartec test m achine as shown in Figures 3.5 
and 3.6. The stroke-controlled or load-controlled range can be set to any given value
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that is limited only by the m achine capacity. During operation the current load and
crosshead displacement can be displayed and recorded as a function o f  time. The output
signal from the load cell is in the form of a voltage that is dependent on the setting of
the Dartec machine. Setting these values depends on the m axim um  load expected and
the resolution of the output data required. Therefore, before testing specimens, the
ultimate tensile strength o f  the material should be firstly estimated in order to obtain the
most appropriate  setting of the load cell.
3.3.2 IN D U C T IO N  H E A T IN G  U N IT
For testing at elevated temperatures, it is vital to find equipment to heat the specimen 
and maintain it at a constant uniform temperature. With the Dartec machine, tests at 
elevated temperature can be carried out inside an oven. However, the maximum  
tem perature achievable with this oven is only 200 °C. In addition, the length o f  the 
specimen and grips is too short to load them inside the oven. For this reason, a Quasar 
solid state induction generator and a heating coil together with a Raytek control unit 
was chosen. This induction generator has a m axim um  output power o f  5kW with 
frequency between 80 and 200 kH z which is sufficient to rapidly heat the specimen with 
a heating coil up to the required temperature. The control unit consists o f  a main control 
box and an infra-red detector. The function of the main control box is to reccivc a signal 
from the infra-red detector in order to control and maintain the specimen temperature at 
a certain value by reducing or increasing the output power from the induction generator 
The infra-red detector directs a laser beam on the specimen and converts the infra-red 
energy m easured from the reflection into an electronic signal o f  the current specimen 
temperature, Figures 3.7 and 3.8. The signal from the control unit is used to control the 
magnetic flux generated by the induction heater. Consequently, the system can heat an 
object with a small volume like the gauge length of the disc brake specimen to an
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accurately measured and controlled temperature. However, due to the limitations of the
induction heater temperature control unit, maintaining a constant temperature below
about 250 °C proved impossible. Therefore, specimens were tested at temperatures of
300, 350 and 400  °C only as well as at ambient temperature.
Another great advantage o f  the induction heater over the oven is the heating time. The 
induction heater takes only a few minutes to heat a specimen to a temperature of 
400  °C. However, the profile o f  specimen temperature along the gauge length of the 
specimen might not be uniform. This problem was overcome by designing the shape of 
the induction coil to give as uniform a temperature as possible. Appendix 1. The results 
from m easuring the temperature at different positions along the gauge length using a 
hand-held digital thermocouple therm ometer fitted with a surface temperature probe 
proved that the temperature is only slightly non-uniform even for the m axim um  
temperature of 400  °C as shown in Figure 3.9. This good uniformity of temperature is 
achieved because the specimen ends are insulated from the grips and the Dartec itself by 
the design o f  the gripping arrangement as described in the following section.
3.3.3 G R I P  D E S IG N
I’he lower and upper grips were made of high carbon steel (EN 30B) in order to stand 
high loads during the tests without plastic deformation. The wedges inside the channels 
together with the pins were used to apply a compression pre-load against the top edge of 
the specimen as indicated in Figure 3.10. The wedges were fastened with small bolts so 
as to obtain good contact and eliminate any gaps between the wedges, the specimen and 
the pins as shown in Figure 3.11. The grips can therefore transmit the loads from the 
crosshead o f  the test machine to the specimen without backlash while changing the load 
direction. The pins were made o f  ground silver steel and they have high accuracy on
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diam eter for ensuring good contact with the specimen. Mild steel was used for the
wedge because its strength is sufficient for testing at high load.
For testing at elevated temperatures, short bushes made o f  glass ceramic (56| were used 
to thermally insulate the specimen from the grips, Figure 3.12. By increasing the 
diam eter o f  the hole in the specimen from 4 mm to 6 mm, these short bushes with inner 
diam eter o f  4 mm could be interference fitted inside the specimen using a heat shrink 
technique. The procedure starts with heating the specimen with a 6 mm diameter hole in 
the oven up to 150 °C. At this temperature, the short bushes can be easily inserted due 
to thermal expansion of specimen. Upon cooling the short bushes are interference fitted 
inside the specim en hole. Since the bushes are then in fact integral with the specimen, 
the effective hole size is again 4 mm as optimised by the FE analysis.
To  complete the insulation for the elevated temperature tests, the wedge height was 
reduced by 3 mm in order to insert glass ceramic wedge insulators as indicated in 
Figure 3.12. The insulator thickness is 3 mm with the same width and length as the base 
o f  wedge. Furthermore, the same insulator material was used for the 2 m m  thick 
washers located at the end o f  the threaded sleeves. The purpose of this design is to 
prevent the thermal energy transferring from the specimen to the grips thus maintaining 
the specimen temperature as uniform as possible.
3.3.4 S T R A IN  G A U G E S
The function o f  a strain gauge is to measure the strain on an object that is subjected to a 
load. Generally, it is made o f  a metal that changes its electrical resistance according to 
its deformation. In practice, the gauge is fixed to the object surface. If the object is 
subjected to a load, the strain gauge will extend or contract according to the deformation
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o f  the surface, resulting in a change o f  strain gauge resistance that can be transformed
and amplified to give a voltage signal proportional to the deformation. In the uniaxial
room temperature tests, Cu-Ni foil strain gauges with a gauge factor of 2.13 and
electrical resistance o f  120 Ohm  were used for investigating the strain response of the
specimen. The m axim um  limiting strain for this strain gauge is o f  the order of 2 ‘7< The
strain gauge was fixed halfway along the gauge length of the specimen and aligned in
the direction of loading, Figure 3.13. The response o f  the strain gauge was monitored by
means o f  a strain gauge meter, Figure 3.14, which with the correct setting of the gauge
factor gives a m axim um  output of two volts equivalent to 20000 microstrain.
3.3.5 D A T A  A C Q U IS IT IO N  U N IT
The PC based 'Labtech' data acquisition unit consists of an integrated hardware and 
software system that transforms analogue input voltage signals into the digital data that 
can be recognised by the software in the computer. Therefore, the strain signal from the 
strain gauge m eter and the load signal from the load cell can be recorded at the same 
time as the crosshead displacement from the Dartec machine. This allows the load and 
displacement response o f  the specimen to be investigated as well as the relation between 
the crosshead displacement and the strain. The calibration of the signal input with the 
load cell that has been regularly calibrated from the com pany is illustrated in 
Appendix 2.
3.4 STR A IN-STROKE CALIBRATION
3.4.1 T E S T  M E T H O D
Since strain gauges could not be used on specimens heated to elevated temperatures 
using the induction heater, it was necessary to establish a relationship between the 
crosshead displacem ent of the Dartec and the strain in the specimen. It could then be
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assum ed that this relationship holds for elevated temperature a s  well a s  for the room
temperatures tests. This assumption is reasonable because the factors that affect the
crosshead displacement - specimen strain relation such as the compliance of the Dartec
and the grips should not be affected by the local heating of the specimen itself.
In practice, the computer-based Dartec machine can perform uniaxial load tests by 
controlling the load or stroke increment. Both modes will affect the strain rate in the 
specimen in a different way. Therefore, this section concentrates on the investigation of 
the strain-stroke relation for both load and stroke control. These initial tests were carried 
out 011 specim ens which had strain gauges attached to their gauge length. Subsequent 
tests on many more specimens used the crosshead displacement rather than a strain 
gauge to determine specimen strain.
In the first condition, the load rate o f  the machine was set at 300 Ns 1 and a compression 
load was applied up to a certain value without fracturing the specimen. During loading, 
the strain signal and the load signal were recorded by the data acquisition unit. At the 
same time, the displacem ent of the Dartec crosshead was also recorded. W hen the load 
reached its m axim um  value, the applied load was reduced to zero. The next step was the 
investigation o f  the strain-stroke relation under tension. Before starting, all the signals 
(the strain, the applied load, and the displacement) were reset to zero. Then the tension 
load was applied at a rate o f  300 Ns until the specimen broke.
For the stroke control, the crosshead speed o f  the Dartec machine was set at 0.05 mms 1 
and the above procedure repeated i.e. the compression load was firstly applied followed 
by the tension load up to failure.
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3.4.2 R E S U L T S
As shown in Figure 3.15, the relation between the specimen strain and crosshead 
displacement for both stroke and load control are almost the same. This means that the 
strain-stroke relation is independent o f  load conditions i.e. stroke or load control. In 
addition, all curves are non-linear with the strain increasing at a higher rate at high 
stroke increments. This is because the total stroke o f  the crosshead is the sum of the 
displacem ents in the machine, the pins, the wedges, the grips and the specimen itself 
and the relative magnitude o f  these will vary with load, as indicated in Figure 3.16.
Figure 3.15 also reveals that the relation between the strain and stroke in compression is 
different from that in tension. The main reason is that in tension the load was applied 
directly through the pin, resulting in slight deformation o f  the pin. In compression, there 
is less pin deformation because the compressive force was directly applied to the top of 
specimen, causing lower crosshead displacement in compression than in tension for the 
same specimen strain.
Figures 3 .17-3.20 show plots of the strain gauge output vs. time for the four test 
conditions. It can be seen that the rate of strain increases during the test for all test 
conditions, even under displacement control, due to the non-linear compliance effects 
m entioned above. Figures 3.17-3.20 also illustrate that the mean strain rates for the 
stroke control tests are higher than those for load control in both tension and 
compression. In fact, the stroke rate of 0.05 mms 1 is the m inim um  available on the 
Dartec m achine and it is desirable to test at the lowest strain rate possible. According to 
the relevant British Standard [55], the strain rate for determining the lower yield 
strength o f  a specimen shall be between 0.00025 and 0.0025 s 1 If this rate cannot be 
regulated directly, it m ust be fixed by regulating the stress rate to between 2 and
Chapter 3 Material Property Tests and Results
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10 M P a s '1 just  before yield begins. Since the mean strain rate is lower under load
control, the load controlled rate o f  300 Ns 1 which gives a nominal stress rate of
8.33 M P a s '1 was used to investigate the stress-strain curves o f  the cast iron material in
the m onotonic tests described below.
3.5 MONOTONIC TESTING
3.5.1 M E T H O D
Since the load history o f  a specimen may have significant influence on its stress-strain 
response, a specimen should only be tested once for each condition and then should not 
be used again in order to obtain further material data. Therefore, separate specimens 
were used for tests under tension and compression at each temperature (25, 300, 350
and 400  °C).
Load control at 300 Ns 1 loading rate was used for the monotonic testing because the 
mean strain rates were lower than those for the stroke control condition. From the 
results o f  the strain-stroke calibration described above, the relation between the stroke 
o f  the crosshead Dartec machine and the strain in the specimen was used to obtain the 
current strain from the measured crosshead displacement. The load was divided by the 
cross-sectional area o f  the specimen to give the nominal stress. The monotonic stress- 
strain curve (M SSC) could then be generated from these results for both tensile and 
compressive loading at different temperatures. Note that the true stress and strain used 
to plot these curves were calculated from the nominal stress and strain using the usual 
relationships for constant volume deformation defined in Equation 3 .1:
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( J = 0 ( \ + £ )
£ = l n ( l + £ )
where
a  =  True stress 
£ = T ru e  strain
o  =  Nominal stress 
£ =  Nominal strain
3.5.2 R E S U L T S
The stress-strain curves at the four different temperatures are shown in Figure 3.21. 
These graphs reveal that the cast iron response is dependent on temperature with higher 
temperatures producing higher strains for a given level o f  stress as expected. 
Furthermore, the stress-strain curves in compression arc higher than those in tension at 
all temperatures. This results from the fact that the cast iron is com posed of two 
components: graphite flakes and pearlite matrix. In tension, the graphite flakes cause 
voids to open in the matrix, resulting in a higher strain for a given level o f  stress 
com pared with compression where the graphite flakes absorb and transmit the 
compressive load to the surrounding pearlite matrix.
In both tension and compression, the most significant differences are between 
temperatures o f  300 and 400  °C whereas the differences between the 20 C and 3(X)' C 
curves are less significant given the much greater range o f  temperature. This might be 
due to the effect of micro-structural changes over this higher range o f  temperature. All 
curves show an increasingly non-linear relationship between stress and strain as the 
loads are increased due to the onset of plastic deformation.
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3.6 CYCLIC TESTING
3.6.1 M E T H O D
Norm ally the cyclic strain test is used to investigate the response of a material to cyclic 
loads. One output of these tests is a cyclic stress-strain curve (CSSC) which describes 
the stress-strain relation o f  the cycled material during the early stage of fatigue 
including such phenom ena as cyclic softening and cyclic hardening.
As m entioned in Chapter 1, the two techniques used to determine the C SSC  arc the 
incremental test and the multiple step test. In each test, only the strain in the specimen 
should be controlled in the incremental or step pattern respectively. It is quite difficult 
to conduct the incremental test on an ordinary machine because the strain in the 
specimen should be under feedback control. However, if the machine has a closed loop 
control system using the strain signal from the specimen, the incremental test can be 
used to obtain the CSSC. Alternatively, a simple test like the multiple step test can be 
used to find the C SSC  on an ordinary machine. In order to apply this test, the strain 
amplitude is increased only after the hysteresis is saturated i.e. after a steady-state 
stress-strain cycle is obtained.
In order to obtain the cyclic response of the present brake disc cast iron material, the 
multiple step test was used. The relation between the specimen strain and crosshead 
stroke from the strain-stroke calibration was used to maintain a constant strain 
amplitude in both tension and compression as defined in Table 3.2. In these tests, the 
cyclic strain amplitude started with a low value and then was increased to a higher value 
after successive intervals of 50 cycles as shown in Figure 3.22. The specimen w a s  
cycled at a frequency o f  0.1 Hz using a sawtooth waveform as indicated in the Figure. 
In addition lo  testing at room temperature, th is  mode of testing u . i s  also used to  Imd the
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cyclic response at elevated temperatures o f  300 and 400 °C using the induction heating
system described in section 3.3.2. Therefore, three specimens in total were required for
these tests.
Cycles
Cyclic strain 
amplitude 
(peak-to-peak)
Stroke (mm) 
in 
tension
Stroke (mm)  
in
compression
First 50 cycles 0.001536 0.15800 0.1000
Second 50 cycles 0 .004516 0.32550 0.2314
Third 50 cycles 0 .007500 0.44520 0.3309
Fourth 50 cycles 0 .010480 0.54356 0.4143
Table 3.2: Relation between the cyclic strain amplitude and the crosshead stroke 
3.6.2 R E S U L T S
All specim ens broke in tension at the first cycle o f  the third strain amplitude except for 
the specim en that was tested at 400  °C which broke at the 1 l 'h cycle of the second strain 
amplitude. Therefore, there were no specimens subjected to the fourth cyclic strain 
amplitude conditions.
From the cyclic stress-time histories shown in Figure 3.23, the peak tensile stress 
decreases significantly with increasing cyclic strain amplitude whereas the absolute 
magnitude of the com pressive stresses increases. This indicates a degree of cyclic 
softening in tension and cyclic hardening in compression. The magnitude o f  these 
effects is also temperature-dependent as can be seen from comparison o f  Figure 3.23 (a) 
and (b). A similar study on the cyclic behaviour of cast iron at room temperature 
attributed these characteristics to the greater opening o f  voids around graphite flakes
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under cyclic tension and the cyclic strain hardening o f  the pearlite matrix in
compression [16].
In order to find the hysteresis loops for each strain amplitude, the cyclic stress-strain 
curves were generated as shown in Figure 3.24 for temperatures o f  20, 3(X) and 4(X) r’C. 
They reveal that the upper (loading in tension) curves are non-linear and the lower 
(loading in com pression) curves are almost linear throughout all cyclic strain amplitudes 
and temperature conditions. This is mainly the result of  the higher plastic deformation 
accom panied by voids opening around graphite flakes in tension com pared  to much 
higher strain hardening in compression.
The peak stress and strain in tension and compression at the end o f  each strain cycle can 
be used to form  the C S S C ’s. These curves were com pared to the M S S C 's  in Figure 3.25 
for temperatures o f  20, 300 and 400  °C. The results show that the M S S C ’s are above the 
C S S C ’s in tension due to cyclic softening whereas, in compression, the C S S C ’s give 
generally h igher stresses for a given level o f  plastic strain due to cyclic hardening. 
However, it should be taken into account that the effect o f  cyclic load history for these 
experiments might be another factor to cause these differences in behaviour because a 
single specimen was tested with four different cyclic amplitudes. The effect of damage 
accumulation due to previous loading history is illustrated by the fact that the maximum  
tensile strain for fracture under cyclic loading is lower than under m onotonic loading at 
all temperatures.
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3.7 SUMMARY
From the FE analysis of the specimen geometry, it is concluded that the square 
specimen with a 4 mm diameter hole can be used for the tensile testing because the 
stress concentration at the shoulder is minimum. In addition, the stress concentration at 
the hole is not significantly dependent on the diam eter o f  the hole.
The specimen grips fulfilled all the requirements to minimise the backlash for cyclic 
loading. Furthermore, they were used successfully with the induction coil for testing at 
elevated temperatures. However, a more direct method of measuring the specimen strain 
would be desirable e.g. E ttem eyer Speckle Interfcronietry (ESPI) [57] in order to 
eliminate the effect o f  the pin and wedge displacements.
The experimental M S S C ’s at various temperatures demonstrate that the stress strain 
response of the brake disc cast iron is temperature dependent both in tension and 
compression. Furthermore, the temperature sensitivity increases significantly above 
300 °C in both tension and compression. Therefore, errors induced by using the room 
temperature response will be much greater above 300 °C.
The effects o f  cyclic loading cause significant differences in the stress-strain response 
com pared with monotonic loading. The cyclic load causes the material to harden in 
compression and to soften in tension especially at high temperatures. Furthermore, 
cyclic loading causes fracture at lower strains than under monotonic loading at the same 
temperature. However, the generation of accurate fatigue life data as a function o f  stress 
level and temperature was considered outside the scope o f  the present work.
Chapter 3 Material Property Tests and Results
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Figure 3.1: Layout o f  specimens on the rubbing surface
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Figure 3.2: Specimen dimension (unit in mm)
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Figure 3.3: Specim en models for 4, 5 and 6 mm diameter holes respectively
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Figure 3.4: Von Mises stresses for specimens with 4, 5 and 6 mm holes respectively
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Figure 3.5: Specim en and grips in Figure 3.6: Console unit o f  Dartec
Dartec machine
Figure 3.7: Infrared detector and Figure 3.8: Induction coil for high
induction heating furnace tem perature testing
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Figure 3.9: M easured temperature profile along the gauge length o f  specimen
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Upper grip
W edge
Figure 3.10: Side view of grip assembly
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Figure 3.11: Front view of grip assem bly
W edge insulator
Figure 3.12: Front view o f grip assembly for elevated temperature tests
77
Chapter 3 Material Property Tests and Results
Figure 3.13: Specim en with the strain gauge Figure 3 14: Strain gauge m eter
0.014
Stroke (mm)
Figure 3.15: Relation between the specimen strain and the crosshead for both load and 
stroke control
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 ^ Specimen displacement
Grip displacement
Machine displacement
Pin and wedge 
displacement
Figure 3.16: Schematic o f  displacements during monotonic tests
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Tim e(s)
Figure 3.17: Strain time history for load control at 300 Ns ' in compression
0.014 -
Time (s)
Figure 3.18: Strain time history for load control at 300 N s '1 in tension
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Time (*)
Figure 3.19: Strain time history for stroke control at 0.05 mms 1 in compression
Time (s)
Figure 3.20: Strain time history for stroke control at 0.05 m m s 1 in tension
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Figure 3.21: True stress-true strain curves for the Rover cast iron disc material
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Figure 3.22: Cyclic  crosshead stroke time histories
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Figure 3.23: Stress time history at (a) room temperature, (b) 300°C, (c) 400 C
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l igurc 3.24: Cyclic  stress-strain curves at (a) room temperature, (b) 300°C, (c) 400°C
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CHAPTER 4 
MATERIAL MODELLING OF CAST IRON
4.1 INTRODUCTION
The FE technique consists o f several stages that include the generation o f a mesh 
together with the application of appropriate material models and boundary conditions. 
The simulation accuracy is improved through successive refinement o f  the underpinning 
assumptions. To apply such a technique for investigating the thermal behaviour o f cast 
iron brake discs, a material model must be chosen with great care. This is because of 
the response characteristics o f cast iron to uniaxial loads that result in different yield 
stresses in tension and compression. General material models for the FH technique 
assume that the material has the same yield behaviour in both tension and compression. 
This Chapter focuscs on the development o f a more realistic material model for cast iron 
that can be used in conjunction with existing FE techniques but firstly investigates the 
material model currently available for cast iron in ABAQ US version 5.7 [41] Specific 
m odels for a particular material can also be created in a user-developed subroutine 
option. This Chapter investigates such a user-developed material model for standard 
von M ises plasticity with isotropic hardening to give confidence in the development of 
the Fortran coding required. It proceeds to describe a more com plex user-developed 
subroutine material model especially developed for cast iron by the author. The 
response o f these material m odels to external loads is investigated using the simple FF 
model described below.
4.1.1 FINITE ELEMENT MODEL
The FE model used to investigate the characteristics o f the different material models 
represented the square cross-section gauge length o f the specimen that was designed for
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the material property tests reported in Chapter 3. The main reason for choosing this
model was that the material properties measured with this specimen, notably the
Young's modulus and monotonic stress-strain curves in tension and compression at
various temperatures, were them selves used to create the material models. The results of
applying the m odels could therefore be compared directly with the experimental results.
The gauge length model consists o f 900 twenty noded solid elem ents each with a 
quadratic interpolation function as shown in Figure 4.1. Zero displacement constraints 
were applied to the model in the first and third directions along the gauge length and the 
nodes at the bottom of the gauge length were constrained in the second direction as 
shown in the Figure. For all investigations in this Chapter, the top of the gauge length 
was subjected to external load in the second direction. However, all nodes o f the gauge 
length model were assumed to have a constant temperature so as to elim inate the effect 
o f temperature changes.
4.2 ABAQUS STANDARD CAST IRON MODEL
4.2.1 METHODOLOGY
Before developing the theory behind this material model, some definitions of stress 
states are firstly introduced. The stress state at any location may be characterised by a 
stress tensor |cj|. Its components in the Cartesian co-ordinate system (x, y, / )  can be 
represented in matrix form as shown in Equation 4.1:
[<X] = CTyy (4.1)
%
Due to the symmetry o f the stress tensor, only six stress components {a )  are 
independent as shown in Equation 4.2:
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{ c r }  =  { c r x x , c r yy , C 7 „  ,O xy .CTy, , < T „  } (4.2)
However, in plasticity theory [58-59], it is customary to decompose the stress tensor 
into two parts; the deviatoric stress tensor [S] and the hydrostatic stress tensor (PJ:
[a] = [S]-[P] (4.3)
where [S] and [P] are given by:
S *y S . '
[S] = Sy, Sy, S ,
S „
(4.4)
|P] =
+ C T y y + 0
0
0
0
+ < ^ + 0
0
\_
3
0
0
(4.5)
From the matrix [S], the principal deviatoric stresses (S i. Si. S \ } can be found from 
Equation 4 .6  which can be expanded to polynomial form as shown in {Equation 4.7:
det
(S „  -S) s*y
y* ( S „ - S )
»y
S u
S .
(S u -S )
= 0 (4.6)
S ' -J ,S 2 + J :S - J ,  = 0 (4.7)
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where
J l ~ S x* + S yy + S «  “ S 1 + S 2 +  S
= -(s?+s’+s,2)
^  S M
J3 =dct S yx Syy = S |S 2Sj
S zx S zy S u
(4.8)
J i, J 2 and J i are the first, second and third invariants o f the deviatoric stress tensor
respectively.
The yield surface for the ABAQ US cast iron material model and its plastic flow  
characteristics are now introduced. The model used a com posite yield surface to 
describe the different behaviour in tension and compression. The maximum principal 
stress (Rankine criterion) was used to govern yielding in tension while the von Mises 
stress (octahedral shear stress yield criterion) was used for yielding in compression. 
Figure 4.2 illustrates the yield surface in principal stress space. Within the interior o f  
this yield surface, the stress state is in the elastic region.
The theory behind this yield surface com es from the relationship that exists between the 
hydrostatic pressure stress (P), von M ises stress (a c), yield stresses in tension and 
compression (o, and o c), and the location o f  stress state (0 ) that com bine to define the 
tensile (F,) and com pressive (Fc) yield functions:
F, = ~cos(d)<7( - P-<7 , = 0  
F„ =CT -<7„ = 0
(4.9)
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Figure 4.3 shows tensile and compressive yield functions, F, and Fc. respectively in the 
form o f the von M ises stress (a c) plotted against the hydrostatic pressure stress (P). In 
Equation 4.9, 0 is used to locate the stress state in the tension yield surface Figure 4.4 
indicates the location o f  the stress state related to 0  in the plane that is perpendicular to 
the hydrostatic pressure axis (P). It can be seen clearly that the boundary o f the tensile 
yield surface (F,) varies according to 0, whilst the von M ises surface is independent o f 0 
within the hydrostatic pressure plane. To calculate 0  in Equation 4.9. the third invariant 
of the deviatoric stress tensor (J3) and the von M ises equivalent stress (o c) arc used as 
shown in Equation 4.10:
increment causes the prediction o f a stress state outside this original yield surface, 
plastic strain occurs and the yield surface m oves. In principle, it is im possible to have a 
stress state that lies outside the yield surface. Therefore, during the application of  
external load, the yield surface can potentially move or change shape such that the 
current stress state always lies on the yield surface. The basic theory used to determine 
the amount o f plastic strain is obtained from Drucker's and Von Mises' postulates [60] 
The former assumed that the body will remain in equilibrium and positive work will he 
done during the application o f the load increment. The latter postulated that the plastic 
strain increment, d (e pl}, is derivable from a plastic potential function, (» {o } . that is a 
scalar function o f  the stress state as shown in Equation 4.11:
c o s (3 0 )=  —  
o .
(4.10)
If a material is loaded to a stress state on the yield surface and an additional loading
(4.11)
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The plastic strain multiplier, AX, is a positive scalar quantity. If the plastic potential
function is the same as the yield function, G {o }  = F {c } , the plastic strain increment is
associated with the yield surface. Therefore, Drucker's formulation is called an
associated flow rule. Otherwise, the non-associated flow rule can he used. G {o ) ^I*{o }.
For the plastic characteristic o f the cast iron yield surfacc, the tensile and compressive 
potential functions (Gt and Gc) which are hydrostatic pressure dependent, are introduced 
as shown in Figure 4.5. It can be clearly seen that the graph consists o f two parts: G, and 
Gc which represent one section o f the ellipse and the straight line respectively as defined
by Equation 4.12:
(P ~G |)  +<7e2 = 9 G ,2 when P <  —
b a  3 ( 4 , 2 )
cr, = 3G C when P > —
3
The shape o f the ellipse associated with the tensile potential function is controlled by 
the parameter b and is forced to pass the points (-7 0 ,/3, 70 ,) and (0*73, a c) where 
y =  2g c(1+ vP])/(3ct,) controls the volumetric plastic strain increment. The quantities o ,,  
a, and v,,i are the com pressive yield stress, the tensile yield stress and the plastic 
Poisson's ratio respectively. The plastic Poisson's ratio is obtained from the absolute 
value o f the ratio o f the transverse to the longitudinal plastic strain under uniaxial 
tension. Thus, the parameter b~ for G, is equal to (a c + ycr, )/9(Oc - 70 ,).
Since there are two plastic potential functions with the A BAQ US standard cast iron 
material m odel, the plastic strain increments in tension and compression are unique To 
obtain these definitions, the volum etric(£ and deviatoric (e 1’1 J com ponents of 
plastic strain rate [e pl] are introduced as shown in Equation 4.13:
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£  pl c  vol 0 0 e pliy £ plc u
e  pl] = 0 6  p' L  vol 0 + £ plc yt
0 0 £  plc  vol £ * *V
where  ^ p' -Ir p P ' xpP 1 4-pP'\vol — ^  Vfc u  T  t  y y  T t n J
and
" e plXX e pl*y e pl 1XI ‘ « S - t  S . )
£ *
*y u
e p l ] = e ply* e plyy e ply*
= f
y* v i - i  i )
e plzx e pl*y e plzz £ p>u e * a t - t  1 ) .
The equivalent value o f deviatoric plastic strain rate is then obtained from liquation
4.14:
(4.14)
e 1"]
Now (he rates o f  the equivalent plastic strains in tension and compression ( f ^  and r  ;>l)
become:
= e pl
*,H - — ( i i + o . i " )  < 4 I 5 )
Equation 4.15 means that the rate o f deviatoric plastic strain ( c 1'1) controls the rate of 
the equivalent plastic strains in tension and compression (£,''' and £ ? ) .  Only one ease 
exists in which these latter are independent, and this occurs when the volumetric plastic 
strain rate (e ^,) causes only tensile equivalent plastic strain rate ( e f ) .  To illustrate 
these relations, Figure 4 .6  shows that under compressive loading conditions the rates of 
deviatoric ( c 1’1) and volumetric plastic strains (£ occur, resulting in the increase of
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yield surfaces in tension and compression due to the rate o f equivalent plastic strains in
tension and compression (e tpl and £ pl), Equation 4.15. At the opposite end o f the
loading spectrum, when subject to pure hydrostatic tension, the deviatoric plastic strain
rate is zero, e pl = 0. Thus, £,pl is a function o f  £ ^  and i f  = 0 . As a result, the
com pressive yield stress (ctc) does not evolve, but the tensile yield stress (a ,) docs
evolve and is updated according to e  ^  as shown in Figure 4.7.
4.2.2 INVESTIGATION OF ABAQUS STANDARD CAST IRON MATERIAL 
MODEL
The behaviour o f  the above ABAQ US standard cast iron material was explored using 
the FE model o f the gauge length sample taken from the back-vented brake disc as 
defined in sections 4.1.1. In this model (and all the anisotropic yield models that 
follow), the material was assumed to follow the measured M SSC 's in tension and 
compression at each temperature with the initial yield point defined as the lirst deviation 
o f linearity in these stress-strain curves. The plastic Poisson's ratio needed to determine 
the cast iron characteristics in tension was assumed to take the value o f 0 .039 111 ]. The 
full details o f material properties used are summarised in Appendix 3. To investigate the 
effects o f cyclic  loading, the top o f the gauge length model was subjected to axial loads 
between 90 and 250 MPa in tension and compression respectively for two cycles at a 
constant temperature o f 300 °C as shown in Figure 4.8.
The equivalent plastic strains in tension and compression predicted by ABAQ US at the 
top o f the gauge length model were compared in Figure 4.9 to the tensile and 
com pressive plastic strains from the experimental data at 300 °C defined in Figure 3.21. 
To obtain the experimental plastic strains, the total strain at the induced stress excluding 
the elastic strain was calculated in the first cycle. In the first tensile period, the predicted
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tensile equivalent plastic strain increases according to the M SSC because the induced
stress is beyond the tensile yield surface. At the same time, the com pressive equivalent
plastic strain increases due to the increase o f the deviatoric plastic strain. This means
that the cast iron yield surface is enlarged in both the tensile and com pressive regions.
After the tensile load reaches the maximum value, the gauge length model w a s  
subjected to a com pressive load up to 250 MPa in the first compression period. During 
this period, the com pressive equivalent plastic strain remains constant until the induced 
stress increases beyond the current yield surface. In a similar way to the event in the 
first tension period, the tensile equivalent plastic strain increases before the end o f the 
com pressive load period due to the effect o f the deviatoric plastic strain.
Due to the enlarged yield surface at the end o f  the first compression period, the tensile 
and com pressive plastic strains are constant throughout the second cyclic load. In this 
cycle, the material behaves elastically since stresses remain within the yield surfacc
(“elastic shakedown”).
From this investigation, it can be concluded that the equivalent plastic strains in both 
tension and compression are used to indicate the plastic strain state o f the I I model. In 
tension, the equivalent plastic strain is a function o f the deviatoric and volumetric 
plastic strains. Conversely, the com pressive equivalent plastic strain is controlled by the 
deviatoric plastic strain only. Therefore, if the FE model is subjected to cyclic uniaxial 
loads, both equivalent plastic strains increase and are higher than the expected value 
particularly for tensile loading. This contrasts with the experimental observation in 
which cast iron suffered cyclic softening in tension as a result of the progressive damage 
in the material from the opening o f  voids. This effect is not well represented by the
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standard A BA Q U S cast iron material model which predicts a higher rate o f strain
hardening in tension than in compression due to the contribution o f the volumetric strain
as shown in Equation 4.15.
4.3 STANDARD PLASTICITY MATERIAL MODEL
4.3.1 STANDARD ISOTROPIC STRAIN HARDENING MATERIAL MODI I
This material model is very com m only used for metal plasticity calculations because it
uses only the single von M ises yield criterion, and the Drucker’s and von M ises's
postulates with associated flow rule for plastic behaviour. For isotropic hardening, if a
material is subjected to load beyond the elastic region, the yield surface is expanded
whilst its centre remains stationary on the ai-a^ plane as shown in Figure 4.10. In
A BA Q U S, the plastic strain increment ,d { e pl}, can be calculated from Drucker’s and
von M ises’s associated flow rule as follows:
d { e pl} = d e pl ——  (4.16)
2
where d e pl is the equivalent plastic strain increment, {S } is the principal deviatoric 
stress m atrix{S |, S 2, S3} and a c is the von M ises stress. This plastic characteristic 
requires that the von M ises equivalent stress is equal to the yield stress defined by .»
uniaxial plastic strain-stress relation o f the form:
O'  = c to = / ( e pl, temperature)
The expression above show s that the yield stress (a„) is a function o f  the equivalent 
plastic stra in ,(epl), and temperature, which are determined from the element values at 
the current load, using a linear interpolation from the data input between plastic strain 
and temperature as shown in Appendix 3.
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4.3.2 USER-DEVELOPED SUBROUTINE ISOTROPIC STRAIN HARDENING 
MATERIAL MODEL
The ABAQ US standard program has intcrfaccs that allow new material models, 
including the A BAQ US cast iron model, to be added using the Fortran programming 
language. To implement a material model, the Fortran based subroutine requires users 
to assign the stress and strain states, the Jacobian matrix o f the constitutive model and 
so on. The follow ing section describes a procedure used by the present author to create a 
general isotropic strain hardening material model which used the von M ises yield 
criterion with temperature dependence. Plastic strain generated at element data was used 
to determine the temperature dependent yield stress at current load condition using a 
linear interpolation from the data input between stress and plastic strain at various 
temperature conditions shown in Appendix 3. The Fortran coding for this user- 
developed material model is given in Appendix 4. By comparing the results o f applying 
this model with the standard ABAQ US isotropic hardening material model, confidence 
in the accuracy and robustness o f the user-developed subroutine was generated
Figure 4 . 11 shows the flowchart for the material model with temperature dependence 
when the stress state is in the elastic region. Comparison between the current yield 
stress in tension or compression and the von M ises stress from element data is the key 
to determine whether the stress state is beyond the elastic region. Figure 4.12 shows the 
flowchart when the von M ises stress from element data is greater than the current yield 
stress. Returning the stresses to the yield surface is achieved using the backward Euler 
method [61].
To demonstrate this method, Figure 4.13 shows the first prediction due to the strain 
increment {Ae}, resulting in the increase o f the stress state from A to B, i.e.
Chapter 4 Material Modelling o f  Cast Iron
96
Chapter 4 Material Modelling o f  Cast Iron
{<rB} = [D]{A e} +  { a A} (4 J 8 >
Since the stress state {gb} at B is located outside the yield surface, the yield function (F) 
is more than zero and the correction o f the stress state from B to C is essential as shown 
in Figure 4.14. At this stage, the plastic strain increment {Aepl}can be calculated as 
follows:
{A epl} = A A ( - ^ - )  (4.19)
3{cr}
where AX is the plastic strain multiplier. The yield function (F) is a function o f the 
current yield surface (a 0) and von M ises stress (o e) defined as
F =  a e -cr0( e pl) (4 -20 )
As a result o f reducing the stress state using the backward Euler procedure, the stress 
state at C, {C c}, becomes:
{<tc }={<tb } -[D ]{A £ p'} (4-21)
Applying Equation 4.19 yields :
{<Tc ) = ( a Bl-A A B[ D ] - ^ i  <4 -22)
d{(7}
or
3F (4 23)
{A<JC} ={(TC}-{ (T B} =  -A A B[D ]— —
d{<r}
From the von M ises yield criterion [61], the plastic strain multiplier (AX) is equal to the
where [D] is the elastic stiffness matrix defined in Figure 4.11.
equivalent plastic strain A e plcalculated from A e pl}: {A epl}.
According to Equation 4.22, the plastic strain multiplier,AA,b, at B can be determined by 
firstly using the Taylor expansion as shown in Equation 4.24:
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AF = Fc -  FB =  ——- {A g}+  ° A £ pl = 0
c B 3{a} d a 0 d £ p'
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or
■c TJ , 3F d o
Fc = F b + -------  {Acrr } + ------------7-A ep (425)
c B aio-} c d( j0 d e p' (4 -0 )
3F
W ith ——  =  -1 from  Equation 4.20, AA = A e pl ,FC =  0 and {Acrc } from  Equation 4.23, 
the m anipulation o f E quation 4.25 yields the value o f the plastic strain m ultiplier (AXB) 
at B:
Fb (4-26)
A /l
3{cr} 9{cr} 5 { e p }
From  the flow chart in F igure 4.12, the new  yield surface function at C is again checked. 
If  Fc is g reater than zero, the second correction is applied to reduce the stress state to the 
next yield surface as show n in the feedback loop o f Figure 4.12 and in the Gr<32 plane 
o f F igure 4.15. The stress state at D, {cfo}, and the plastic strain m ultip lier at point C, 
AXC, are obtained using a sim ilar derivation as shown in Equations 4.27 and 4.28:
3F
5{a}
{<7D} =  {a c } - AXC [D] , at C (4.27)
A k r =
C dF " m i  dF | d a - (4 '28)
5{cr} 3{cr} 3 { e pl}
The back loop procedure should  be repeated until the current yield surface function is 
reduced to zero. A fter the yield criterion is satisfied, the Jacobian m atrix [Dt] is updated 
as specified  in the flow  chart o f F igure 4.12.
98
Chapter 4 Material Modelling o f  Cast Iron 
To derive this new  Jacobian m atrix, the stress state increm ent {Aa} and the generalised
plastic strain m ultip lier (AX) are introduced. Equation 4.29 show s that the stress state
increm ent {Aa} can be derived from  the stiffness m atrix [D], the total strain increment
{Ae} and the p lastic  strain increm ent {Aepl}:
{Aa} =  [D][{Ae} - {A epl}]
R eplacing {Aep1} from  Equation 4.19 gives:
0F
{Act} =  [D][{Ae} - AA——-] 
d{o}
(4.29)
(4.30)
The generalised  plastic  strain m ultiplier (AX) can be calculated  from  the yield surface 
increm ent (AF) in E quation  4 .24  by substituting A e pl = AA as shown in Equation 4.31:
3F r 5F d o  .
AF = - ------ { A a } + - -----— ^A A  = 0
3{a} 3a„  3 e pl (4.31)
5F
R eplacing ------ = -1  and substitu ting Equation 4.30 into Equation 4.31 give:
d o n
Thus,
J F _ t
3{a}
5F
[D ][{A e}-A A ——-] 
3{a}
d o
de
AA = 0
AA =  -
3F
3{a}
[D]{Ae}
3F
[D]
3F do,
+
3{a} 3{a} 3{ep'}
(4.32)
(4.33)
A pplying (AX) from  E quation 4.33 into Equation 4.30 gives:
{Act}= [D ] {Ae}
3F
3{cr}
[D] {A e }
3{a }  3 {a }  3 { e p'}
3F
3{a} (4.34)
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M anipulating  Equation 4.34 gives:
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{A d}=  [D] [I]-
dF 3F 
5{d } 9{a}
[D]
5{ct} 3{cr} 3 { e p }
{Ae} (4.35)
yj
Therefore, the new  Jacobian m atrix  [Dt] is:
/  5F 3 F t
[D, ] =  [D] [I]-
3{fj} 3 { a }
[D]
5{<t } 5{cr} 3 { £ p }
(4.36)
4.3.3 IN V E ST IG A T IO N  O F ISO T R O PIC  H A R D E N IN G  M A T E R IA L  M O D ELS
The purpose o f this section is to investigate and validate the isotropic hardening 
m aterial m odel developed by the author using the above theory. To this end, com parison 
betw een the standard and user-developed subroutine isotropic m aterial m odels was 
carried out using the FE  m odel defined in Section 4.1.1. Both m aterial m odels used the 
m onotonic stress-strain  curve in tension from  the cast iron m aterial tests, C hapter 3. The 
full details o f m aterial properties used are sum m arised in A ppendix 3. The top of the 
gauge length w as subjected  to a tensile load up to 90 M Pa at a constant tem perature of 
300 °C.
Figure 4 .16  show s the response o f these m aterial m odels com pared to the m onotonic 
stress-strain  input data. It can be seen that both m aterial m odels after yielding follow 
exactly the experim ental m onotonic curve. Thus the user-developed isotropic hardening 
m aterial m odel has been validated  against the standard A BA Q U S m aterial m odel.
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4.4 USER-DEVELOPED SUBROUTINE MATERIAL MODEL FOR 
CAST IRON
4.4.1 M E T H O D O L O G Y
A ccording to the curren t investigation o f the A BAQ US standard cast iron material 
m odel reported  in section 4.2.2 o f this thesis, the m ain deficiency o f this m odel is that 
the boundary o f the yield surface is enlarged in both tension and com pression 
sim ultaneously  for uniaxial loads. Therefore, the objective o f  this section is to develop a 
m aterial m odel for cast iron with tem perature dependence in which tensile plastic strain 
was assum ed to be independent o f the com pressive plastic strain. In o ther words, the 
relation betw een the stress and plastic strain should com ply with the m onotonic stress- 
strain curves in tension and com pression independently. A lso there seem s to be little 
justification  for using a R ankine yield criterion to control tensile yield in the ABAQUS 
cast iron m aterial m odel. The user-developed routine therefore used a von M ises 
criterion in both tension and com pression.
Using a sim ilar approach to that used to develop the preceding isotropic hardening 
m odel w ith tem perature dependence, it is possible to im plem ent a m aterial model for 
cast iron using the hydrostatic  pressure stress to separate the tensile and com pressive 
regions as show n in F igure 4.17. The yield stress with tem perature dependence is 
determ ined from  elem ent values using a linear interpolation from  the stress and plastic 
strain data as show n in A ppendix 3. The flow charts in F igures 4 .18-4 .20 show the 
procedure used to create a m aterial m odel that com plies with the required assum ptions 
for cast iron. H ow ever, the solution from  this m aterial m odel in som e cases did not 
converge. For exam ple, as show n in Figure 4.21, the stress state at position A is 
increased to position  B that has a positive hydrostatic pressure due to the strain 
increm ent. At this stage, the reduction o f the stress state using the backw ard Euler
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procedure is required  until the stress state is corrected to position D (the second
com pressive yield surface). I f  the FE  m odel is subjected to another load, the stress state
is increased to position E that has a negative hydrostatic pressure. T he second correction
is needed to  reduce the stress state at position E. H ow ever, the solution cannot converge
because the calcu lation  requires m any iterations to reduce the stress state at position E
to the new tensile yield surface at position F  (the first tensile yield surface). This
problem  is thought to  be due to the abrupt transition betw een the tensile and
com pressive regions as indicated in Figure 4.17. Therefore, a transition zone that
connects the com pressive and the tensile yield surfaces m ust be developed as described
below.
4.4.2 IN V E ST IG A T IO N  O F M A T E R IA L  M O D EL S FO R  C A ST  IRO N
To obtain the m ost effective m aterial m odel fo r cast iron, various transition zones of 
hydrostatic pressure in the tensile region, i.e. 10, 30 and 100 M Pa, were considered as 
show n in F igure 4.22. M aterial properties used in these m odels are sum m arised in 
A ppendix 3. The specim en gauge length m odel w ith these d ifferent transition zones was 
subjected to a uniaxial tensile load o f 86.25 M Pa at 20 °C, which should produce a 
plastic strain  o f  2 .6502E -4 according to the room  tem perature m onotonic stress-strain 
curve. The results, show n in Table 4 .1 , reveal that the equivalent plastic strain for 10 
M Pa hydrostatic pressure transition zone is exactly equal to the required value. 
H ow ever, the yield surface for 10 M Pa hydrostatic pressure transition zone changes 
rapidly betw een tension and com pression in com parison to that for 30 and 100 M Pa 
which m ay cause convergence problem s. In addition, the equivalent plastic strains 
predicted fo r the m odels w ith 10 and 30 M Pa transition zones are not significantly 
different. Therefore, it can be concluded that the user-developed m aterial m odel for cast 
iron should  have a hydrostatic  pressure o f 30 M Pa for the transition zone between
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tension and com pression as a com prom ise betw een accuracy and num erical robustness.
The Fortran coding  fo r this final user-developed m odel for cast iron is given in
A ppendix 5.
T o  investigate further the user-developed subroutine, a schem atic load pattern was 
applied  to the specim en gauge length m odel shown in F igure 4.8 during which the 
tem perature  o f  300 °C rem ains constant. In this investigation, the equivalent plastic 
strain  histories in tension and com pression at the top o f the gauge length model 
predicted  by the user-developed  subroutine cast iron m aterial m odel were com pared to 
those from  the m onotonic p lastic strain-stress curve at the sam e tem perature. The results 
from  F igure 4.23 reveal that the user-developed subroutine predicted  tensile plastic 
strains are in itially  low er than the m onotonic plastic strain at the sam e stress state due to 
the 30 M Pa transition zone. H ow ever, the predicted com pressive plastic strain is 
independent o f the tensile p lastic strain which fulfils the required assum ption. During 
the onset o f the first com pression load, no com pressive plastic strain occurs until the 
stress state rises beyond the com pressive yield surface. The m odel then predicts the 
sam e value as given by the m onotonic plastic stress-strain curve in com pression that 
was calcu lated  from  the total strain at the induced stress excluding the elastic strain. No 
further tensile p lastic strain  occurs during this period and there is therefore no increase 
in tension yield stress (no cyclic strain hardening). This then is in contrast to the results 
from  the standard A B A Q U S cast iron m odel for the sam e cyclic load shown in 
Figure 4.9. Thus, by m aking yielding in tension independent o f that in com pression (and 
vice versa), num erical results are m uch closer to the m easured M S S C ’s for cast iron 
which are them selves close to the equivalent C S S C ’s (see Figure 3.25).
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T ransition  zone hydrostatic  
pressure (M Pa)
Equivalent plastic strain  
in tension
10 2.65E-4
30 2.52E-4
100 0.0
Table 4.1: C om parison o f equivalent p lastic strain for various hydrostatic pressure 
transition zones
4.5 SUMMARY
4.5.1 ST A N D A R D  A B A Q U S C A ST  IR O N  M A T E R IA L  M O D EL
R ankine and von M ises yield surfaces together with associated potential functions were 
used to create the standard  A B A Q U S cast iron m aterial m odel that has different yield 
stresses in tension and com pression. M oreover, tensile equivalent plastic strain is related 
to com pressive equivalent plastic strain due to the effect o f the deviatoric plastic strain, 
resulting  in the sim ultaneous enlargem ent o f the yield surface in tension and 
com pression. T herefore, when a specim en is subjected to uniaxial cyclic loads, strain 
hardening occurs in both tension and com pression even though experim ental evidence 
suggests that cyclic strain softening occurs in tension [16].
4.5.2 U SE R -D E V E L O P E D  SU B R O U T IN E  M A T E R IA L  M O D EL
The assum ption o f independent plastic strain increm ents in tension and com pression 
was suggested  to im prove the features o f the standard A B A Q U S cast iron m aterial 
m odel. M oreover a von M ises yield criterion, that was im plem ented in both tension and 
com pression with tem perature dependence, is different from  Josefson ’s yield criterion 
that used  a m odified  von M ises yield criterion w ith tem perature independence [44], The
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R ankine criterion used by the standard A BAQ US m aterial m odel in tension was
assum ed to be based on the know n fracture characteristics o f cast iron rather than on the
yield behaviour o f a voided ductile solid  under tension. The results o f sim ple case study
investigations reveal that the user-developed cast iron m odel with a transition zone
betw een tension and com pression over a hydrostatic pressure o f 30 M Pa can be used to
accurately sim ulate the basic response o f  cast iron under cyclic loads in both tension and
com pression.
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Applied load
Side constraint
Axial constraint
Side
constrain t
Figure 4.1: G auge length m odel
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Second principal s tr e s s ^ )
Figure 4.2: Schem atic o f the A BA Q U S standard cast iron yield surface in principal
stress space [41 ] . . .  . , ,r  Von Mises stress (cc)
Figure 4.3: Schem atic o f  the yield function in the plane o f von M ises stress (o e) against 
the hydrostatic pressure (P)
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First deviatoric stress (Si)
to the hydrostatic stress axis
Von Mises stress (<TC)
Figure 4.5: Schem atic o f the flow  potentials in the plane o f von M ises stress ( a c) against 
hydrostatic pressure (P)
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Von Mises stress (oc)
Figure 4.6: Y ield surface enlargem ent due to the rate o f deviatoric plastic strain ( e pl)
i
Von Mises stress (ac)
Tensile hardening
Loading Hydrostatic pressure (P)
Figure 4.7: Y ield surface enlargem ent due to the rate o f volum etric plastic strain (£ ^ ,)
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Figure 4.8: C yclic external load used in FE m odel o f  specim en gauge length
Figure 4.9: Tensile and com pressive p lastic strain response for A BA Q U S standard cast 
iron m aterial m odel
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Second principal stress (ct2)
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Figure 4.11: Flow chart for isotropic hardening material model in the elastic region
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Figure 4.12: Flow chart for isotropic hardening material model in the plastic region
113
BChapter 4 Material Modelling o f Cast Iron
Figure 4.13: Prediction o f the stress state from  initial elastic analysis
Second principal stress (CJ2)
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Figure 4.15: Second correction o f the stress state
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True plastic strain
Figure 4.16: P lastic  strain  and stress response from  gauge length m odels
Von Mises stress (oc)
Figure 4.17: U ser-developed subroutine m aterial m odel for cast iron w ithout transition 
zone
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Figure 4.18: F low  chart (A) for cast iron user-developed subroutine isotropic material 
m odel
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Figure 4.19: F low  chart (B) for cast iron user-developed subroutine isotropic material 
m odel
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Figure 4.20: F low  chart (C) for cast iron user-developed subroutine isotropic m aterial
Second principal stress (Oi)
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Von Mises stress (ae)
Figure 4.22: Y ield surface w ith transition  zones over 10, 30 and 100 M Pa tensile 
hydrostatic pressure
Figure 4.23: T ensile  and com pressive p lastic strain response for user-developed 
subroutine cast iron m aterial m odel
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CHAPTER 5 
NON-LINEAR FINITE ELEMENT ANALYSIS OF 
BRAKE DISC
5.1 INTRODUCTION
Since the single therm al cycle analysis o f severe braking and cooling under autobahn 
driving conditions reported  in C hapter 2 induced therm al stresses in the R over brake 
disc beyond the m aterial yield stress, it becam e essential to introduce inelastic stress 
analysis to accurately pred ict stresses and accum ulated plastic strains. Inelastic stress 
and plastic strain accum ulation w ith tem perature dependence can be sim ulated in both 
the standard A B A Q U S cast iron and user-developed subroutine m aterial m odels 
described in C hapter 4. The objective o f the present C hapter is to investigate the 
application o f each o f these m aterial m odels to the R over back-vented disc design. 
Sim ilarly, the front-vented  disc is also investigated with the user-developed subroutine 
m odel to enable com parison o f the effects o f brake disc geom etry on plastic strain 
accum ulation.
In order to achieve these objectives, the sam e brake rotor finite elem ent m odels for both 
back-and front-vented discs, as introduced in C hapter 2, w ere used for the inelastic 
stress analysis. F irstly  the predicted  non-uniform  tem perature d istributions were used as 
input data to the structural analyses in order to estim ate the inelastic stresses during a 
single therm al cycle i.e. braking and cooling. Since the tem perature distribution at the 
end o f the cooling  period was sim ilar to the pre-braking condition, the non-uniform  
tem perature data from  the first therm al cycle was assum ed to also apply during 
subsequent identical cycles w ithin the eight stop autobahn driving cycle. How ever, 
unlike the elastic analysis, the inelastic analysis m ust be carried out at each tim e step of
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Sim ilarly  the residual stresses and accum ulated plastic strains at the end o f  each cooling
period were carried  forw ard to the next brake application o f the eight stop cycle.
5.2 APPLICATION OF THE ABAQUS STANDARD CAST IRON 
MATERIAL MODEL TO THE BACK-VENTED DISC
5.2.1 M E T H O D
In this section, the standard A B A Q U S cast iron m aterial m odel was used for 
investigating the inelastic therm al stresses during a severe brake application and 
subsequent cooling  o f  the R over back-vented disc. For the present analysis, the material 
m odel requires the true stress-strain  data points at different tem peratures for each mode 
o f loading i.e. tension or com pression. The code then linearly interpolates betw een these 
data points to  give the yield stress at any strain or tem perature. The m aterial data in the 
form  o f m onotonic true stress-strain  curves for the brake disc cast iron was presented in 
C hapter 3. These curves w ere inputted as data points to A B A Q U S as indicated in 
A ppendix 3. A B A Q U S interprets them  according to the assum ed yield criteria  in the 
standard cast iron m aterial m odel which is a Rankine m axim um  stress criterion in 
tension and the standard von M ises criterion in com pression.
5.2.2 R E SU L T S A N D  D ISC U SSIO N
Contours o f von M ises stress and equivalent plastic strain in tension and com pression at 
the end o f  the first brake application and at the end o f the cooling period are shown in 
F igures 5.1 and 5.2 respectively. In A B A Q U S, contour plots o f these variables are nodal 
variables which are them selves extrapolated from  the 27 elem ent integration point 
values em ployed  w ithin each o f the 3D quadratic brick elem ents. H ow ever the elem ent 
centroid values, derived from  the integration point values, represent the m ost accurate
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the thermal analysis in order to correctly estimate the accumulation of plastic strain.
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locations in the contour plots. It can be seen that in com parison with the elastic stresses
at the end o f the brake application show n in Figure 2.10, von M ises stresses at the
selected positions are sim ilar but low er in m agnitude due to the effect o f the elevated
tem perature plasticity . In addition, a residual stress distribution still rem ains in
Figure 5.2 even though the tem perature has now fallen to a uniform  80 °C at the end of
cooling period.
From  the p lastic  strain contours at the end o f brake application and o f the cooling 
period, all selected positions have apparently  experienced plastic strain accum ulation in 
both tension and com pression particularly  at the cheeks o f the rubbing surfaces. It is 
c lear that this is an artefact in the im plem entation o f the A BA Q U S cast iron material 
m odel since these regions are subject to com pression only throughout the brake 
application and therefore should not be subject to tensile plastic strain accum ulation. 
The m ain reason for this artefact is the assum ption that increase o f com pressive plastic 
strain on the rubbing surfaces sim ultaneously  causes expansion o f the yield surfaces in 
both tension and com pression. This expansion is a function o f the deviatoric plastic 
strain only which requires the strain to increase in tension and com pression 
sim ultaneously  as d iscussed in C hapter 4.
5.3 APPLICATION OF CAST IRON USER-DEVELOPED 
SUBROUTINE MODEL TO THE BACK-VENTED DISC
In the previous section, it has been dem onstrated that the A B A Q U S standard cast iron 
m aterial m odel m ay not accurately  predict plastic strain accum ulation in regions where 
there m ay be reversals in the d irection o f straining i.e. com pression to tension and vice
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calculated values and are therefore added to the Figures in parentheses at the key
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experim entally . W ith this shortcom ing in m ind, the user subroutine m aterial model for
cast iron has been proposed and developed in C hapter 4 based on the assum ption that
the tensile plastic strain should be independent o f the com pressive stress and vice versa.
It was decided to apply the proposed m aterial m odel to the back-vented disc in order to
validate the m odel coding and dem onstrate the shortcom ing o f the A BA Q U S standard
cast iron m aterial m odel. The data points from  the m easured m onotonic true stress-
strain curves in com pression and tension with tem perature dependence were specified in
the user-developed subroutine as detailed in A ppendix 5.
5.3.1 R E SU L T S A N D  D ISC U SSIO N  FO R  B A C K -V E N T E D  DISC M O D EL
5.3.1.1 FIR ST  B R A K E  A P PL IC A T IO N
Figure 5.3 show s von M ises stress and plastic strain contour plots at the end o f the first 
brake application. Contours o f von M ises stress are sim ilar but not identical to those 
from  the standard cast iron m aterial m odel, Figure 5.1. In com parison with the elastic 
stress analysis, the neck connection still causes high therm al stress at the inboard 
rubbing surface, thus resulting  in h igher plastic strain accum ulation in com parison with 
the outboard rubbing surface. H ow ever, the von M ises stress at the inner radius o f the 
long vane (position C) is not the m axim um  as found in the elastic stress analysis 
because plastic  deform ation occurs in tension at a low er stress than for those regions 
experiencing com pression.
From  the p lastic strain contour plots, it can be seen clearly  that the user-developed 
subroutine for cast iron, F igure 5.3 (b) and (c), provides m ore physically  realistic results 
than the A B A Q U S standard cast iron m aterial m odel, F igure 5.1 (b) and (c), because the 
rubbing surfaces are found to have only com pressive plastic strain accum ulation.
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versa, and certainly does not allow for the cyclic softening in tension seen
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M oreover, they reveal that further com pressive plastic strain accum ulation can be found
at the neck (position D), the bell (position F) and the outer radius o f the long vane
(position E) due to  the effect o f bending as a result o f the unbalanced radial constraints.
H ow ever, the sam e effect causes tensile plastic strain to accum ulate at position C which
is in tension throughout the brake application. Even though plastic deform ation occurs
w ithin the brake disc at the end o f first brake application, the trend o f  the displaced
brake disc geom etry, F igure 5.4, is sim ilar to that predicted in the elastic stress analysis,
F igure 2.12. The m oderate angular distortion indicates that the back-vented design o f
disc is able to reduce the coning effect in spite o f the severity  o f the brake application.
It can also be seen from  the contour plots that the centroidal results are m ore accurate 
than the nodal values. For instance, a nodal value o f tensile plastic strain exists at 
position D even though position D has zero elem ent centroid  tensile plastic strain. One 
possible reason is that the selected  elem ent at position D m ight be close to other 
elem ents that are subjected  to tensile loads and the nodal value at position D is 
calculated  by extrapolation  from  the integration points o f all e lem ents surrounding the 
node.
The von M ises stress histories at the sam e positions A  to D as used in the elastic 
analysis are show n in F igure 5.5. It can be clearly  seen that the high therm al gradients 
through the brake disc thickness cause high therm al stresses at the cheeks (positions A 
and B) in the early  part o f the first brake application. As a result, the com pressive plastic 
strains at these locations rapidly increase up to one second into the brake application, 
Figure 5.6, because at this braking tim e the m aterial yield strength is reduced due to the 
high tem perature. H ow ever, after one second, the high therm al stresses at positions A 
and B gradually  reduce tow ards the end o f  the brake application because o f the low er
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approxim ately  constant. It is also clearly  seen that the therm al stresses and plastic
straining at the inboard rubbing surface (position B) are h igher than that at the outboard
rubbing surface (position A) throughout the braking tim e due to the asym m etrical
constrain t o ffered by the neck to w hich the inboard cheek is attached in this back-vented
design.
B efore investigating  therm al stress histories at positions C and D, the elem ent centroid 
m ean stress histories from  the selected positions should be exam ined to determ ine 
w hether a state o f com pression or tension exists because these positions are subjected to 
both local therm al gradients and gross bending due to the unbalanced radial constraints. 
Thus, F igure 5.7 reveals that com pression exists on the rubbing surfaces (positions A 
and B) as expected. The neck region (position D) also experiences com pression due to 
the tem perature  gradients betw een positions B and D as predicted by the elastic stress 
analysis in C hapter 2 and show n in Figure 2.5. H ow ever, the therm al stress history at 
position D  is d ifferent from  that on the rubbing surfaces (positions A and B) in that the 
von M ises stress continues to increase throughout the brake application, Figure 5.5, 
since the bending  effect due to the unbalanced radial constrain ts rem ains after the 
tem perature gradients at the cheeks (positions A and B) reduce in the early brake 
application. As a resu lt o f  the increasing therm al stress at position D  and the reducing 
com pressive y ield  strength due to the high tem perature, the com pressive plastic strain 
gradually  increases throughout the brake application, Figure 5.6.
In contrast to the rubbing surfaces (positions A and B) and the neck area (position D), 
the inner radius o f the long vane (position C) is subjected to tension throughout the 
brake application, F igure 5.7. Since the m ean stress at position C is w ithin the transition
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temperature gradients. Thus, the compressive plastic strains at positions A and B remain
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than the com pressive yield strength due to the linear interpolation betw een these yield
surfaces. As a result o f  the tensile plastic strain hardening and the sim ultaneous
contraction o f  the y ield  surface due to the increasing tem perature, the elem ent centroid
von M ises stress at position C is virtually constant after one second o f braking tim e,
Figure 5.5. H ow ever, the plastic strain continues to increase and, after about two
seconds into the brake application, becom es the h ighest plastic strain anyw here in the
brake disc. The fact that this strain is tensile m ay have im plications for the early onset
o f  therm al cracking  in this region.
5.3 .1 .2  F IR S T  C O O L IN G  PE R IO D
As show n in F igure 5.8, con tour plots o f von M ises stress and equivalent plastic strains 
at the end o f the first cooling period reveal that the effect o f high therm al load on the 
brake disc m odel causes residual stresses and perm anent p lastic deform ations even 
though the surface tem peratures are reduced to the preloaded uniform  condition o f 
80°C. Furtherm ore, the inner radius o f the long vane (position C) has the highest 
residua] therm al stress both in term s o f nodal and elem ent centroidal values. This 
position  is also the only one to experience both tensile and com pressive plastic strain 
accum ulation during the brake application and cooling period respectively  because o f 
the unbalanced  radial constrain t betw een the outboard and inboard cheeks. All o ther 
positions indicate only com pressive strains in term s o f the m ore accurate centroidal 
values.
A t the end o f cooling  period, F igure 5.9 reveals that the brake disc cannot return to its 
original shape and undergoes a sm all degree o f perm anent brake disc coning. 
Figure 5.10 show s that the elem ent centroid  von M ises stress h istories at the selected
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region of 30 MPa, the yield stress is higher than the purely tensile yield stress but lower
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positions are com pletely  different from  those predicted by the elastic analysis,
Figure 2.15, due to the influence o f p lastic deform ation and the changing mean stress
conditions. The latter can be seen clearly from  the e lem ent centro id  m ean stress
histories show n in F igure 5.11. D uring the first cooling period, the m ean stresses at the
rubbing surfaces (positions A and B) change from  com pression to tension w hereas the
inner radius o f the long vane (position C) becom es subject to com pression since the
cheeks are no longer able to contract to their stress-free state. Therefore, the elem ent
centroid  von M ises stresses at these positions (A, B and C) are first reduced and then
increase again before the end o f the cooling period. A t position D, the m ean stress near
the neck indicates com pression throughout both the braking and cooling period.
A lthough the therm al loads at the rubbing surfaces, positions A and B, change from 
com pression to tension, the tensile yield strength o f the cast iron m aterial is increased 
according to the low er tem perature and there are no increm ents o f tensile plastic strain 
accum ulation at positions A  and B. Sim ilarly, no further com pressive plastic strain 
accum ulates at position  D  during cooling because the therm al stress is low er than the 
current com pressive yield strength w hich is increased due to the low er tem perature. 
H ow ever, the tem peratures at the rubbing surfaces still cause bending, resulting in an 
increase o f the tensile plastic  strain at the inner radius o f the long vane (position C) in 
the early  cooling  period  as show n in Figure 5.12. A fter about 100s into the cooling 
period, the change o f d irection o f the m ean stress at this location causes com pressive 
p lastic strain to accum ulate at position C even though the current yield strength o f the 
m aterial is increased due to the low er tem perature. T hus this is one location which 
experiences stress reversal and plastic strain accum ulation in both tension and 
com pression during a single therm al cycle.
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5.3.1.3 E F F E C T  O F F U R T H E R  T H E R M A L  CY C LES
Since both tensile and com pressive plastic strains accum ulated at the inner radius o f 
long vane by the end o f the first cooling period, it is worth investigating trends 
associated  with the autobahn driving cycle which requires eight identical therm al cycles 
to be com pleted. As a result o f applying further therm al cycles, it was found that the 
com pressive plastic  strain at position C saturates (i.e. rem ains constant) after two 
subsequent therm al cycles. C onversely, the tensile plastic strain increases for every new 
brake application as show n in F igure 5.13. Sim ilarly, the com pressive plastic strain at 
the neck (position D) gradually  increases during each brake application.
A t the rubbing  surfaces, the outboard cheek (position A) has no further accum ulation o f 
plastic strain throughout the eight therm al cycles, Figure 5.14. H ow ever, the plastic 
strain at the inboard  cheek  (position B) is constant only up to the fifth therm al cycle. 
This is likely to be due to  the effect o f com pressive p lastic strain accum ulation at the 
neck area (position  D) that results in the onset o f further p lastic strain at position B after 
five therm al cycles.
To understand  the relation betw een the total strain accum ulated  and the associated 
therm al stresses, the total strain (elastic and plastic strain com ponents) is plotted against 
von M ises stress for the eigh t therm al cycles at positions A-B and C-D  as shown in 
Figures 5.15 and 5.16 respectively. There is no additional therm al stress and total strain 
after the first cycle at the outboard cheek (position A). H ow ever, due to the increm ent of 
plastic strain  at the inboard cheek (position B), a corresponding increm ent o f therm al 
stress can be seen. A lso, the inboard  cheek has the h ighest therm al stress during the first 
therm al cycle. From  F igure 5.16, the situation at location D appears relatively 
straightforw ard as there is no reversal o f direction o f plastic strain: after the first cycle,
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there are sm all additional increm ents o f strain in com pression with every subsequent
cycle w ith no ev idence o f full saturation. At location C, there is a reversal o f mean
stress as typ ified  in F igure 5.11 w ith every cycle although plastic strain accum ulates in
tension only for every  cycle after the first, Figure 5.13. Again there is no evidence o f
full saturation after e ight cycles and it is noted that the total accum ulated plastic strain
predicted  is greater than the true strains at failure from  the cyclic tests which were about
0.0025 in tension. This is an indication that therm al cracking m ay be a problem  at this
location although as previously  noted no attem pt has been m ade in the present work to
accurately  derive fatigue data.
5.4 APPLICATION OF CAST IRON USER-DEVELOPED 
SUBROUTINE MODEL TO THE FRONT-VENTED DISC
In a sim ilar fashion to the inelastic analysis o f the back-vented disc, the front-vented 
disc m odel as described in C hapter 2 was investigated using the cast iron user- 
developed subroutine. The predicted  non-uniform  tem perature distributions were again 
used as input data  together with the sam e constraints as for elastic stress analysis. To 
sim ulate the eight stop autobahn driving condition, tem perature distributions from  the 
first therm al cycle w ere assum ed to apply in all the subsequent cycles.
5.4.1 R E SU L T S A N D  D ISC U SSIO N  FO R  FR O N T -V E N T E D  D ISC  M O D EL
5.4 .1 .1 F IR ST  B R A K E  A P PL IC A T IO N
At the end o f the first brake application, the contour plots o f von M ises stress, 
com pressive and tensile p lastic  strains show n in Figure 5.17 reveal that the effect o f the 
neck connection causes the front-vented brake disc to have a d ifferent therm al response 
com pared w ith the back-vented  design, Figure 5.3. As expected, the induced therm al 
stress at the outboard  rubbing surface (A) is h igher than that at the inboard rubbing
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values o f  com pressive p lastic strain occur at position C and o f tensile plastic strain at
position  D  at the end o f the first brake application due to the effect o f the neck
connection. In contrast, positions C and D  for the back-vented disc are subjected to
tensile and com pressive p lastic strains respectively, Figure 5.3. C om parison o f the
displaced shapes o f the front-and back-vented designs at the end o f the first brake
application, F igures 5.4 and 5.18, reveal that the front-vented disc displays a greater
degree o f  coning. H ow ever, at the selected positions, the m axim um  elem ent centroid
plastic strains in com pression and tension for the front-vented disc are less than those
for the back-vented  disc design.
The elem ent centro id  von M ises stress histories show n in Figure 5.19 clearly  indicate 
that the neck connection causes higher stresses on the outboard rubbing surface 
(position A) than on the inboard surface (position B) from  the beginning o f the brake 
application. A s for the back-vented disc, high tem perature gradients on the rubbing 
surfaces (positions A  and B) in the early  part of the brake application cause high 
therm al stresses that gradually  reduce tow ards the end o f  brake application due to lower 
tem perature gradients. Furtherm ore, the bending effect due to the unbalanced radial 
constrain t causes com pressive and tensile therm al stresses at position C and D 
respectively  as indicated by the m ean stress histories in Figure 5.20. The therm al stress 
at the inner radius o f the long vane (position C) increases rapidly during the early brake 
application but eventually  reduces by the end o f the brake application due to the low er 
tem perature gradients. The tensile therm al stress at the neck (position D) gradually 
increases throughout the early  brake application and is then approxim ately  constant 
since the bending  effect due to the m uch hotter cheeks is still present. This is reflected 
in the continuing  increase o f  tensile plastic strain at position D throughout the brake
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surface (B), leading to higher plastic strains on the former. The maximum centroidal
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application w hereas the com pression strains at positions A, B and C rem ain constant 
over the latter part o f the brak ing  cycle, Figure 5.21.
5.4.1.2 F IR ST  C O O L IN G  PE R IO D
Figure 5.22 show s that residual therm al stress and plastic strains at the end o f the 
cooling period  are low er than those for the back-vented disc, Figure 5.8. Com parison 
betw een Figures 5.22 and 5.17 reveals that there is no further accum ulation o f 
com pressive p lastic  strain at locations A, B and C. In contrast, F igure 5.23 reveals that 
w hile tensile  p lastic  strains at position D rem ain constant, com pressive plastic straining 
starts to occur before the end o f cooling period. Thus, p lastic strain reversal is found at 
the neck (position D ) for the front-vented disc instead o f at position C for the back- 
vented disc. This is p resum ably  due to greater gross deform ation o f the front-vented 
design w hich requires reverse p lastic yielding at the neck to accom m odate the 
contraction o f the rubbing surface during cooling. Furtherm ore, the disc brake geom etry 
cannot return to  its original shape due to the effect o f  plastic deform ation at the neck 
(position D), F igure 5.24.
5.4.1.3 E F F E C T  O F F U R T H E R  T H E R M A L  C Y C L ES
A fter the first cooling  period, it is found that only the neck (position D) has any increase 
o f plastic  strain, F igure 5.25. H ow ever, the com pressive plastic strain accum ulation 
becom es stable after three therm al cycles in the sequence. This is further shown in 
Figure 5.26, w hich plots von M ises stresses against total strains in tension and 
com pression at position  D. In com parison with the corresponding results for the back- 
vented disc, F igure  5.16, the com pressive plastic strain at position D  is lower. How ever, 
there is a tensile  strain at this position  which continues to accum ulate after eight cycles. 
This is an indication that the neck region o f  the front-vented design m ay be vulnerable
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to therm ally-induced  cracking.
In sim ilar fashion to the back-vented disc, there is no additional com pressive plastic 
strain at the inboard  cheek (position B) as shown in Figure 5.27. H ow ever, due to the 
neck connection  and its associated plastic strain accum ulation at position D, the 
outboard  cheek (position A) experiences additional com pressive plastic strain after four 
therm al cycles. F igure 5.28 show s the therm al stresses plotted against the total strains in 
each cycle as a resu lt o f these effects on the outboard and inboard cheeks (positions A 
and B). It can be seen that, as with the back-vented disc, the h ighest therm al stress at the 
outboard  cheek (position A) is found in the first therm al cycle.
5.5 SUMMARY
From  the initial inelastic stress analyses, it can be concluded that the A B A Q U S standard 
cast iron m aterial m odel is not ideally  suited for investigating the therm al response of 
brake discs as indicated  by the sim ultaneous increase o f com pressive and tensile plastic 
strains at certain  critical locations. H ow ever, the user-developed subroutine material 
m odel developed from  the ro tor m aterial tests satisfies the basic dem and that plastic 
strain in tension and com pression should accum ulate separately and independently. As a 
result o f applying the user-developed subroutine m aterial m odel to the back- and front- 
vented discs, it has been dem onstrated  that the effect o f the neck connection causes not 
only d ifferen t therm al stress responses but also different displaced shapes during 
braking.
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Figure 5.1: R esults o f  inelastic  fin ite elem ent analysis a t the end o f  first brake 
application for the back-vented  disc w ith  standard A B A Q U S cast iron m aterial model: 
(a) von M ises stress, (b) com pressive equivalen t p lastic strain, (c) tensile  equivalent 
p lastic strain  (N um bers in  parentheses indicate the elem ent centroid values o f  variables)
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Figure 5.2: R esults o f  inelastic  finite elem ent analysis at the end o f  first cooling period 
for the back-vented disc w ith standard A B A Q U S cast iron m aterial model: (a) von 
M ises stress, (b) com pressive equivalen t plastic strain, (c) tensile  equivalent plastic 
strain  (N um bers in parentheses indicate the elem ent centroid values o f  variables)
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Figure 5.3: Results o f  inelastic finite elem ent analysis at the end o f  first brake 
application  for the back-vented disc w ith the cast iron user-developed subroutine: (a) 
von M ises stress, (b) com pressive equivalent plastic strain, (c) tensile equivalent plastic 
strain (N um bers in parentheses indicate the elem ent centroid values o f  variables)
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Axial Angular
Figure 5.4: D isp laced  shape at the end o f  first brake application for the back-vented disc 
w ith the  cast iron user-developed subroutine (Red indicates original m esh; Black 
indicates d isp laced  m esh)
Time(s)
Figure 5.5: E lem en t centro id  von M ises stress h istories during first brake application for 
the back-vented  disc w ith  the  cast iron user-developed subroutine
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Figure 5.6: Element centroid equivalent plastic strain histories during First brake 
application for the back-vented disc with the cast iron user-developed subroutine
Figure 5.7: Element centroid pressure histories during first brake application for the 
back-vented disc with the cast iron user-developed subroutine (Negative pressure 
indicates tensile mean stress)
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Figure 5.8: Results o f inelastic finite element analysis at the end o f first cooling period 
for the back-vented disc with the cast iron user-developed subroutine: (a) von Mises 
stress, (b) compressive equivalent plastic strain, (c) tensile equivalent plastic strain 
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Figure 5.9: Displaced shape at the end of first cooling period for the back-vented disc 
with the cast iron user-developed subroutine (Red indicates original mesh; Black 
indicates displaced mesh)
Time (s)
Figure 5.10: Element centroid von Mises stress histories during first cooling period for
the back-vented disc with the cast iron user-developed subroutine
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Figure 5.11: Element centroid pressure histories during first cooling period for the back- 
vented disc with the cast iron user-developed subroutine (Negative pressure indicates 
tensile mean stress)
Time (s)
Figure 5.12: Element centroid equivalent plastic strain history (position C) during first
cooling period for the back-vented disc with the cast iron user-developed subroutine
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Figure 5.13: Element centroid plastic strain histories for the back-vented disc with the 
cast iron user-developed subroutine over eight thermal cycles
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Figure 5.14: Element centroid plastic strain histories for the back-vented disc with the 
cast iron user-developed subroutine over eight thermal cycles
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Figure 5.15: Element centroid von Mises stress versus total strain for the back-vented 
disc with the cast iron user-developed subroutine over eight thermal cycles
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Figure 5.16: Element centroid von Mises stress versus total strain for the back-vented
disc with the cast iron user-developed subroutine over eight thermal cycles
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Figure 5.17: Results o f inelastic finite element analysis at the end of first brake 
application for the front-vented disc with the cast iron user-developed subroutine: (a) 
von Mises stress, (b) compressive equivalent plastic strain, (c) tensile equivalent plastic 
strain (Numbers in parentheses indicate the element centroid values o f variables)
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Axial
displacement =
j i
0.46 mm
Figure 5.18: Displaced shape at the end o f first brake application for the front-vented 
disc with the cast iron user-developed subroutine (Red indicates original mesh; Black 
indicates displaced mesh)
Time (s)
Figure 5.19: Elem ent centroid von Mises stress histories during first brake application
for the front-vented disc with the cast iron user-developed subroutine
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Figure 5.20: Element centroid pressure histories during first brake application for the 
front-vented disc with the cast iron user-developed subroutine (Negative pressure 
indicates tensile mean stress)
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Figure 5.21:
application for the front-vented disc with the cast iron user-developed subroutine
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Element centroid equivalent plastic strain histories during first brake
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Figure 5.22: Results o f inelastic finite element analysis at the end o f first cooling period 
for the front-vented disc with the cast iron user-developed subroutine: (a) von Mises 
stress, (b) compressive equivalent plastic strain, (c) tensile equivalent plastic strain 
(Numbers in parentheses indicate the element centroid values of variables)
B: 35.6 MPa E: 88 1 MPa
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Time (s)
Figure 5.23: Element centroid equivalent plastic strain histories (position D) during first 
cooling period for the front-vented disc with the cast iron user-developed subroutine
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Figure 5.24: Displaced shape at the end o f first cooling period for the front-vented disc 
with the cast iron user-developed subroutine (Red indicates original mesh; Black 
indicates displaced mesh)
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Figure 5.25: Element centroid plastic strain histories for the front-vented disc with the 
cast iron user-developed subroutine over eight thermal cycles
Total strain
Figure 5.26: Element centroid von Mises stress versus total strain for the front-vented
disc with the cast iron user-developed subroutine over eight thermal cycles
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Figure 5.28: Element centroid von Mises stress versus total strain for the Iront-vented
disc with the cast iron user-developed subroutine over eight thermal cycles
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DISCUSSION
6.1 TEMPERATURE AND ELASTIC STRESS ANALYSIS
The maximum temperature during the brake application was found on the outboard 
rubbing surface of the back-vented disc and on the inboard surface of the front-vented 
disc as was expected because of the different paths for heat conduction to the neck. 
Furthermore, the results were typical of the response of brake discs during sudden and 
severe brake applications [21,29]. Therefore, the temperature analysis is sufficiently 
accurate for the thermal stress analysis considered in this thesis. However, in practice, 
validation of predicted temperatures against experimental results should ultimately be 
carried out in order to optimize the heat loss coefficients and give heightened 
confidence in the results.
The accuracy of the solutions from the elastic thermal analysis depends on whether the 
calculated stress is within the limit of linear elasticity for the material. For the thermal 
conditions investigated in Chapter 2, the maximum elastic stresses were higher than this 
limit which was determined by the material property tests in Chapter 3. However, the 
elastic stress analysis, which is commonly used in investigating the thermal stress 
response of brake discs [34,35,38], provided adequately accurate predictions of the 
gross thermal distortion of the disc. For example, it clearly showed the greater degree of 
coning expected from a front-vented disc compared with the corresponding back-vented 
design. However, there was some loss of accuracy of prediction of the maximum 
deflections compared with the more sophisticated inelastic stress analysis.
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6.2 MECHANICAL PROPERTY TESTS
The results of the monotonic loading tests clearly indicated the onset of non-linearity in 
the stress-strain response of cast iron at relatively low strains. This is particularly true in 
tension where the effect is attributed to debonding of the graphite flakes and the 
subsequent plastic deformation of the pearlite matrix. Even in compression, there was 
significant curvature in the stress-strain curve but the stress at which this initiated was 
much higher than in tension. The effect of elevated temperature was to significantly 
increase the strain at a given level of stress, particularly as the temperature was raised 
from 300 to 400°C. All of these effects should ideally be taken into account in deriving 
an accurate temperature-dependent non-linear model for the material.
The specially-designed wedge-action grips worked well and allowed stress reversals to 
be applied to the cast iron specimens without significant backlash effects. The cyclic 
stress-strain curves generated show that cast iron suffered cyclic softening in the tension 
part of the cycle and cyclic hardening in compression as reported by Gilbert [16]. 
However, the present work extended these results to the high temperature range that is 
experienced by brake discs in service. The incorporation of accurate models of non­
linear cyclic hardening into a general-purpose computer code such as ABAQUS is non­
trivial and was not attempted as part of this project. In fact, comparison between the 
CSSC and the corresponding MSSC indicated that the difference was not large. 
Therefore, a material model based on the latter is a reasonable approximation for studies 
of repeated thermal cycles in brake discs. No attempt was made to model the low cyclic 
fatigue properties of the cast iron in the present work and the magnitude of the cyclic 
plastic strain accumulated was taken as a measure of the damage that may potentially 
lead to fracture.
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6.3 MATERIAL MODELLING
The results from investigating the performance of the ABAQUS standard cast iron 
material model in Chapter 4 revealed that the model produced simultaneous strain 
hardening of both the tensile and compressive yield stresses. This was due to the 
relationship between the equivalent plastic strains in tension and compression which are 
embodied within the model. Thus under uniaxial load, simultaneous enlargement of the 
yield surface in tension and compression occurred because of the deviatoric plastic 
strain that was used to define the equivalent plastic strain in both tension and 
compression. This contrasts with the assumption that the mechanism of non-linear strain 
accumulation in tension (i.e. debonding between graphite flakes and matrix metal) is 
different from that in compression (i.e. normal strain hardening). For this reason, the 
two mechanisms should not be coupled. In comparison with the experimental results in 
Chapter 3, the calculated results from the ABAQUS material model wrongly predicted 
that compressive stress reversals under cyclic loading caused significant strain 
hardening in tension as well as compression whereas the experimental results indicated 
cyclic strain softening in tension.
Furthermore, the ABAQUS material model used the Rankine principal stress criterion 
in tension and the von Mises stress criterion in compression to indicate yield of cast 
iron. This assumption was based on the typical fracture surface that was found for cast 
iron under biaxial tension by Grassi and Cornet [40] and Coffin and Schenectady [11]. 
This is another misleading aspect of the ABAQUS cast iron model since the yield 
characteristics of cast iron in the tensile region are likely to be close to those of a porous 
materia] and can therefore be based on the von Mises stress criterion [11]. This is 
because debonding of graphite flakes causes voids to develop in the pearlite matrix. 
According to Tvergaard and Needleman [42,43], the yield surface of a porous material
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is a function of the von Mises stress and the hydrostatic pressure. Therefore, it is 
concluded that the ABAQUS material model for cast iron is unsuitable to use in 
investigating plastic strain and its subsequent accumulation under cyclic loading within 
brake discs.
In contrast, the results from the user-developed subroutine material model were more 
accurate since the tensile plastic strain is independent of the compressive plastic strain 
and vice versa. This means that the yield surface in tension is expanded only if the stress 
state is loaded beyond the tensile elastic limit and is not affected by yielding in 
compression. This will minimise, and in many cases eliminate, the cyclic strain 
hardening in tension which was not seen experimentally. In addition, the von Mises 
stress yield surface was used in both tension and compression to simulate the porous 
material characteristics in tension and the normal metal plasticity in compression. For 
numerical reasons, a transition zone equivalent to 30 MPa tensile hydrostatic pressure 
has been introduced between the tensile and compressive yield surfaces within which a 
linear variation of yield stress was assumed. As a result, the equivalent tensile plastic 
strain within the mean stress transition zone between tension and compression yield 
surfaces was initially slightly lower than suggested by the experimental MSSC but this 
was not a significant effect.
6.4 INELASTIC STRESS ANALYSIS
From application of the user-developed subroutine to the back-vented disc, compressive 
plastic strain only occurred at the rubbing surfaces which were subjected to compression 
(i.e. there was no corresponding tensile strain predicted as with the standard ABAQUS 
model) and vice versa for the areas subject to tensile plastic strain. During the brake 
application, the outboard rubbing surface (position A) had lower plastic strain
154
Chapter 6 Discussion
accumulation than the inboard rubbing surface (position B). Position B experienced 
additional com pressive plastic strain increments after five thermal cycles because the 
high plastic strain accumulation at the neck (position D) also continued to increase 
during subsequent thermal cycles. The inner radius of the long vane (position C) was 
subjected to high tensile plastic strain during the brake application followed by 
compressive plastic strain before the end of the cooling period. Moreover, the tensile 
plastic strain at position C increased in all subsequent thermal cycles up to and 
including the eighth thermal cycle considered. However, the compressive plastic strain 
accumulation at this location became stable after only two thermal cycles.
Since the front-vented disc allowed a greater degree of radial thermal expansion than 
the back-vented disc, the maximum element centroidal stresses as predicted by the user- 
developed subroutine at the selected positions were lower. In contrast to the back- 
vented disc response, the compressive plastic strains at the outboard rubbing surface 
were higher than at the inboard rubbing surface. Furthermore, the neck was the only 
area subject to tensile plastic straining which continued to accumulate albeit at lower 
rate for subsequent thermal cycles. As a result of this accumulation, the compressive 
plastic strain at the outboard cheek (position A) began to increase after four applications 
of thermal load.
Even though the front-vented disc experienced less plastic strain accumulation than the 
back-vented disc, the degree of coning was higher. A practical result of this is that the 
front-vented disc will experience high local thermal heat flux at the inner and outer 
rubbing radii of the inboard and outboard rotor surfaces respectively, resulting in higher 
plastic strain accumulation than predicted by the simple model which assumed a 
uniform pressure distribution.
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The results of the cyclic load tests on the cast iron specimens revealed that the brake 
disc specimens fractured in tension at a strain of less than 0.0025. Hence, the back- 
vented disc may experience cracking at the inner radius of the long vane after two 
applications of thermal load because of the high tensile plastic strain accumulation 
(0.0026) predicted at this location. For the front-vented disc, the neck area may be 
subjected to cracking after the eighth thermal cycle because the tensile plastic strain 
accumulation also became greater than 0.0025. However this prediction of cracking was 
based on the plastic strain accumulation rather than fatigue analysis. For more accuracy, 
the fatigue life data of the material should be measured at various strain amplitudes and 
temperatures, which was beyond the scope of the present work. Note that no significant 
tensile strains were predicted at the rubbing surfaces for either disc design in contrast 
with the experimental observations that radial cracking or crazing of rubbing surfaces 
can occur. This may be because the thermal conditions considered were not severe 
enough for this particular disc design or because of shortcomings that still exist in the 
material model such as the inability to predict cyclic strain softening in tension i.e. a 
contraction of the tensile yield surface as voids grow and damage accumulates in the 
material.
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CHAPTER 7 
CONCLUSIONS AND FUTURE WORK
7.1 CONCLUSIONS
The main conclusions drawn from the programme of work reported in this thesis are as
follows:
• The FE technique can be used to investigate the temperature response of brake discs 
during the brake application and subsequent cooling period. However, the validity 
of the results is dependent on how faithfully the physical boundary conditions and 
material properties are represented in the analysis.
• Elastic stress analysis was unable to accurately predict the thermal stress response of 
brake discs because the high temperature gradients during severe brake applications 
resulted in high thermal stresses beyond the yield strength of the material. However, 
elastic analysis can be used to investigate the deformations of brake discs under 
thermal loading. These vary according to the brake disc geometry: a back-vented 
design provided a much lower degree of disc coning than the corresponding front- 
vented design but at the expense of higher thermal stresses.
• The monotonic stress-strain curves of the cast iron material from the Rover brake 
disc became non-linear at low strains indicating plasticity and voiding within the 
material. Furthermore, they were different in tension and compression and quite 
sensitive to temperature, particularly as the temperature was raised above 300°C. 
The effect of cyclic loading on the brake disc cast iron specimens has also been 
investigated at a variety of temperature conditions. The cast iron material also
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displayed cyclic hardening in compression and cyclic softening in tension. Fracture
occurred at lower strains in comparison with these under monotonic loading at the
same temperature.
• The standard cast iron material model in the widely-used commercial FE package 
ABAQUS can be used to investigate the stress response of materials that have 
different stress-strain behaviour in tension and compression. However, this material 
model used a Rankine yield criterion for yield in tension and a standard von Mises 
criterion in compression together with non-associated plastic flow rules. Moreover, 
the equivalent plastic strain in tension is directly related to the associated plastic 
strain in compression and vice versa. This is despite the fact that the mechanisms for 
inelastic straining in tension and compression are different due to the effect of the 
opening and closing of gaps between the graphite flakes and metal matrix. 
Therefore, this material model is unsuitable for estimating the plastic strain 
accumulation under cyclic loading in the disc brake thermal stress analysis.
• Based on the assumption of independent plastic strain mechanisms in tension and 
compression, a user-developed subroutine material model has been developed to 
represent the cast iron properties with different yield strengths in tension and 
compression which were also a function of temperature. Furthermore, both tensile 
and compressive yield surfaces used the von Mises stress criterion with the 
associated flow rule in order to simplify the material model. In order to provide a 
smooth transition between tensile and compressive yield regimes, a linear transition 
zone of 30 MPa hydrostatic pressure has been determined as being near optimum in 
terms of providing numerical robustness with minimal loss of accuracy of strain 
prediction.
158
Chapter 7 Conclusions and Future Work
• The application of the user-developed subroutine material model to the back- and
front-vented disc models is more realistic in terms of tensile and compressive plastic 
strain accumulations. The results indicated that a high compressive plastic strain 
occurred at the inboard rubbing surface during the brake application for the back- 
vented disc and at the outboard rubbing surface for the front-vented disc. Moreover, 
cyclic plastic strain reversals between tension and compression were found at the 
inner radius of the long vane for the back-vented disc and at the neck area for the 
front-vented disc. Based on the maximum plastic strain accumulation, the back- 
vented disc would experience cracking at the inner radius of the long vane with 
fewer thermal cycle than the front-vented disc for which cracking would occur at the 
neck area.
• It is thought that the user-developed cast iron material model will find application in 
the analysis of thermal stress and plastic strain accumulation associated with a wide 
variety of cast iron components such as, for example, engine blocks and cylinder 
heads. Furthermore, its use need not be restricted to automotive components.
7.2 FUTURE WORK
There is significant scope for further work and this is summarised below:
• A full 3D analysis of the brake disc including the pads should be considered in order 
to investigate the effects of rotating heat source and the non-uniform heat flux over 
the rubbing surfaces due to non-uniform pressure distributions.
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• It has not been possible to determine the monotonic and cyclic stress-strain curves
on the cast iron material between 25-300°C because of the limitation of the 
induction heating system. It is important that this is obtained because of the high 
temperature gradients found during the brake application. Also, the yield surface of 
cast iron when subject to biaxial loads should be investigated in order to study its 
anisotropic yield behaviour in tension and compression.
• The fatigue behaviour of the brake disc cast iron material should be investigated 
over a range of cyclic strain amplitudes in order to predict the fatigue life. 
Furthermore, the effect of different strain amplitudes in tension and compression 
should be considered since the damage mechanisms are different.
• Modifying the user-developed subroutine material model for cast iron should be 
considered in order to simulate the effect of void growth on the yield surface in 
tension by, for example, the adoption of a Gurson-type yield criterion and associated 
void growth law [42,43]. In addition, the cyclic softening in tension and hardening 
in compression should be taken in account.
• A programme of experimental work needs to be undertaken using a full size 
dynamometer since it can subject the brake to the same sequence of high energy 
stops that has been modelled in the numerical simulation. This will provide the 
necessary data needed to validate the model and provide an indication of the 
location of possible fracture sites.
Chapter 7 Conclusions and Future Work
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Appendix 1: Test Equipment
APPENDIX 1: TEST EQUIPMENT
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Figure 1 A: Upper grip dimension (unit in mm)
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Figure IB: Lower grip dimension (unit in mm; dimension at the head is the same as the 
lower grip dimension)
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M6X15
Figure 1C: Wedge dimension (unit in mm)
Figure ID: Induction coil dimension (unit in mm)
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Appendix 2: Calibration o f  Data Acquisition with Load Cell from  D artec Machine
APPENDIX 2: CALIBRATION OF DATA ACQUISITION WITH 
LOAD CELL FROM DARTEC MACHINE
It is essential to calibrate the voltage signal from the PC based ‘Labtech’ data 
acquisition by applying a tensile test on a specimen. The Labtech input signal data 
obtained from the load cell of Dartec machine were linearly interpolated in order to 
determine the external load value. Comparison between the Labtech load with the self- 
recording load history data of Dartec machine that has been regularly calibrated by the 
Dartec company is shown in Figure 2A. It reveals that the data acquisition is efficiently 
accurate to be used for recording voltage signals from either a load cell or a strain 
gauge.
Dartec load (N)
Figure 2A: Data comparison between Dartec machine and Labtech acquisition
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APPENDIX 3: CAST IRON MATERIAL PROPERTIES
Tem perature
(°C)
Conductivity
(W /m m /C)
Specific
heat
(J/kg/°C)
Coefficient 
of linear 
thermal 
expansion
(K-1)
Poisson’s
ratio
Density 
(kg m'3)
20 0.0533 103 10.42E-6 0.26 7050
100 0.0525 247 N/A 0.26 7050
200 0.0515 427 11.58E-6 0.26 7050
300 0.0505 607 N/A 0.26 7050
400 0.0495 697 14.58E-6 0.26 7050
Table 3A: Grade 150 cast iron material properties for temperature and stress analysis [8]
Plastic Poisson’s ratio [11]: 0.039
Young’s modulus: 116.5 GPa
True tensile 
plastic strain
True tensile 
stress (MPa) at 
25°C
True tensile 
stress (MPa) at 
300°C
True tensile 
stress (MPa) at 
350°C
True tensile
stress (MPa) at 
400°C
0.0000 65.00 47.00 19.00 13.00
0.0002 82.02 65.01 45.01 38.01
0.0004 95.04 75.03 58.82 50.02
0.0006 104.06 83.05 68.04 59.04
0.0008 110.09 89.07 76.06 67.05
0.0010 117.12 95.10 83.08 74.07
0.0012 122.15 99.72 88.61 78.09
0.0014 126.68 104.15 93.13 82.92
0.0016 130.71 107.97 97.16 86.14
0.0018 134.74 111.80 99.68 89.76
0.0020 138.28 115.23 103.71 92.48
0.0022 140.81 118.26 106.23 96.21
0.0024 143.84 120.29 108.76 97.73
0.0026 146.38 122.82 111.29 100.26
0.0028 148.41 124.35 113.82 101.78
0.0030 151.45 125.88 115.85 104.31
0.0032 153.49 128.11 117.88 105.34
0.0034 155.03 129.94 118.90 107.16
0.0036 156.56 131.47 120.93 108.89
Table 3B: True stress-plastic strain input data in tension for stress analysis
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True True True True True
compressive compressive compressive compressive compressive
plastic strain stress a t 25°C stress 300 °C stress 350 °C stress 400 °C
0.0000 105.00 89.00 77.00 68.00
0.0010 220.22 198.20 160.17 141.17
0.0020 270.54 242.48 202.42 173.40
0.0030 301.90 265.80 233.73 193.66
0.0040 326.30 284.13 252.04 207.94
0.0050 343.71 299.49 269.39 218.23
0.0060 357.13 309.85 281.74 226.52
0.0070 370.58 321.23 291.09 234.83
0.0080 380.02 329.62 300.46 242.14
0.0090 392.50 336.00 307.84 246.45
0.0100 400.97 345.42 316.23 252.78
0.0109 409.46 351.83 322.62 257.10
0.0119 415.93 359.26 330.03 261.43
0.0129 424.45 365.69 336.45 265.77
0.0139 430.95 371.12 341.86 268.09
Table 3C: True stress-plastic strain input data in compression for stress analysis
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APPENDIX 4: USER-DEVELOPED STANDARD MATERIAL
Appendix 4: User-developed Standard Material Model with Isotropic Hardening
MODEL WITH ISOTROPIC HARDENING
*DEPVAR
14
*USER SUBROUTINE
SUBROUTINE UMAT(STRESS,STATEV,DDSDDE,SSE,SPD,SCD,
1 RPL,DDSDDT,DRPLDE,DRPLDT,STRAN,DSTRAN,
2 TIME,DTIME,TEMP,DTEMP,PREDEF,DPRED,MATERL,NDI,NSHR,NTENS,
3 NSTATV,PROPS,NPROPS,COORDS,DROT,PNEWDT,CELENT,
4 DFGRDO,DFGRD1,NOEL,NPT,KSLAY,KSPT,KSTEP,KINC)
C
INCLUDE ABA_PARAM.INC'
C
CHARACTER*8 MATERL
DIMENSION STRESS(NTENS),STATEV(NSTATV),
1 DDSDDE(NTENS,NTENS),DDSDDT(NTENS),DRPLDE(NTENS),
2 STRAN(NTENS),DSTRAN(NTENS),TIME(2),PREDEF( 1 ),DPRED( 1),
3 PROPS(NPROPS),COORDS(3),DROT(3,3),
4 DFGRD0(3,3),DFGRD 1(3,3)
REAL VALUE,X.EQPLAS 1 ,SHYDRO,SYIELD,HARD,DEQPL,SYIELO,Y
C
DIMENSION EELAS(6),EPLAS(6),FLOW(6)
DIMENSION ETHERM(6),DTHERM(6),DELDSE(6,6)
PARAMETER (ONE=l ,0D0,TWO=2.0D0,THREE=3.0D0,SIX=6.0D0)
DATA NEWTON,TOLER/IO,l.D-6/
C
C .............................................-.......................................
C UMAT FOR ISOTROPIC ELASTICITY AND ISOTROPIC PLASTICITY 
C
c  CAN NOT BE USED FOR PLANE STRESS
C ----------------------------------------------------------------
c PROPS(l) - E 
C PROPS(2) - NU 
C
c CALLS UHARD FOR CURVE OF SYIELD VS. PEEQ
C ........................................................................... ..........
c
IF (NDI.NE.3) THEN 
WRITE(6,1)
1 FORMAT(//,30X,'***ERROR - THIS UMAT MAY ONLY BE USED FOR 
1 'ELEMENTS WITH THREE DIRECT STRESS COMPONENTS')
ENDIF
C
c ELASTIC PROPERTIES 
C
c
C ASSIGN YOUNG'S MODULUS AND POISSON'S RATIO 
EMODO= 116500.0 
ENU=0.26
C DETERMINE ELASTIC STIFFNESS MATRIX 
IF(ENU.GT.0.4999.AND.ENU.LT.0.5001) ENU=0.499 
EBULK30=EMODO/(ONE-TWO*ENU)
EG20=EMODO/(ONE+ENU)
EG0=EG20/TW O
EG30=THREE*EG0
ELAMO=(EBULK30-EG20)/THREE
C FOR TEMPERATURE INCREMENT 
EMOD=l 16500.0
EBULK3=EMOD/(ONE-TWO*ENU)
EG2=EMOD/(ONE+ENU)
EG=EG2/TWO 
EG3=THREE*EG 
ELAM=(EB ULK3 -EG2)/THREE 
C ELASTIC STIFFNESS AT THE END OF INCREMENT AND STIFFNESS CHANGE 
C
DO 20 K1=1,NTENS 
DO 10 K2=1,NTENS 
DDSDDE(K2,K1)=0.0 
DELDSE(K2,K1)=0.0 
10 CONTINUE 
20 CONTINUE
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C
DO 40 K1=1,NDI 
DO 30 K2=1,NDI 
DDSDDE(K2,K1 )=ELAM 
DELDSE(K2,K1 )=ELAM-ELAM0 
30 CONTINUE
DDSDDE(K1 ,K 1 )=EG2+ELAM 
DELDSE(K1,K 1 )=EG2+ELAM-EG20-ELAM0 
40 CONTINUE
DO 50 K 1 =NDI+1 ,NTENS 
DDSDDE(K I ,K1 )=EG 
DELDSE(K 1 ,K1)=EG-EG0 
50 CONTINUE 
C
VALUE = TEMP+DTEMP 
C ASSIGN THE EXPANSION COEFFICIENT 
IF (VALUE .LT. 200.0) THEN 
EXPAN_C=0.00001 
ELSE
EXP AN_C=0.0000125 
END IF
C CALCULATE THERMAL EXPANSION 
DOK1 =1, NDI
ETHERM(K1 )=EXPAN_C*TEMP 
DTHERM(K1)=EXPAN_C*DTEMP 
END DO
C CALCULATE STRESS FROM ELASTIC STRAINS AND THERMAL STRAIN
C
DO K1=NDI+1,NTENS 
ETHERM(K 1) = 0.0 
DTHERM(Kl) = 0.0 
END DO
DO 70 K1=1,NTENS 
DO 60 K2=1,NTENS 
STRESS(K2)=STRESS(K2)+DDSDDE(K2,K1)*(DSTRAN(K1)-DTHERM(K1)) 
1 +DELDSE(K2,K1)*( STR AN(K1 )-ETHERM(Kl))
60 CONTINUE
ETHERM(K 1 )=ETHERM(K 1 )+DTHERM(K 1)
70 CONTINUE 
C
C RECOVER ELASTIC AND PLASTIC STRAINS
C
DO 80 K1 = 1,NTENS 
EELAS(K1 )=STATEV(K1 )+DSTR AN(K 1 )-ETHERM(K 1)
EPLAS (K1 )=ST ATE V (K1+NTENS)
80 CONTINUE
EQPLAS=STATEV( 1 +2*NTENS)
EQPLAS1 =STATEV( 1+2*NTENS+1)
C
C IF NO YIELD STRESS IS GIVEN, MATERIAL IS TAKEN TO BE ELASTIC
C
IF(NPROPS.GT.2.AND.PROPS(3).GT.O.O) THEN
C
C MISES STRESS 
C
SHYDRO=(STRESS(l)+STRESS(2)+STRESS(3))/THREE 
SMISES=(STRESS(1)-STRESS(2))*(STRESS(1)-STRESS(2)) +
1 (STRESS(2)-STRESS(3))*(STRESS(2)-STRESS(3)) +
1 (STRESS(3)-STRESS(1))*(STRESS(3)-STRESS(1))
DO 90 K1=NDI+1,NTENS
SMISES=SMISES+SIX*STRESS(K1)*STRESS(K1)
90 CONTINUE
SMISES=SQRT(SMISES/TWO)
C
C HARDENING CURVE, GET YIELD STRESS
C
X = EQPLAS
Y = EQPLAS 1 
CALL UHARD(SYIEL0,HARD,X,VALUE,SHYDRO.Y)
C DETERMINE IF ACTIVELY YIELDING
C
IF (SMISES.GT.( 1.0+TOLER)*SYIEL0) THEN
C
C FLOW DIRECTION
C
SHYDRO=(STRESS(l)+STRESS(2)+STRESS(3))/THREE 
ONES Y=ONE/SM ISES 
DO 110 K1 = 1,NDI
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FLOW(Kl )=ONESY*(STRESS(Kl )-SHYDRO)
110 CONTINUE
DO 120 K1=ND1+1,NTENS 
FLOW (K1 )=STRESS (K1)*0NESY 
120 CONTINUE 
C
C SOLVE FOR EQUIV STRESS AND PLASTIC STRAIN 
C
SYIELD=SYIEL0
DEQPl^O.O
DO 130 KEWTON=l,NEWTON 
RHS=SMISES-EG3 *DEQPL-S YIELD 
DEQPL=DEQPL+RHS/(EG3+HARD)
CALL UHARD(SYIELD,HARD,X+DEQPL,VALUE,SHYDRO.Y) 
IF(ABS(RHS).LT.TOLER*SYIELO) GOTO 140 
130 CONTINUE
WRITE(6,2) NEWTON
2 FORMAT(//,30X,'***WARNING - PLASTICITY ALGORITHM DID NOT
1 'CONVERGE AFTER ’,13,' ITERATIONS')
140 CONTINUE
EFFHRD=EG3*HARD/(EG3+HARD)
C
C CALC STRESS AND UPDATE STRAINS 
C
DO 150 K1=1,NDI 
STRESS(Kl)=FLOW(Kl)*SYIELD+SHYDRO 
EPLAS(Kl)=EPLAS(Kl)+THREE*FLOW(Kl)*DEQPL/TWO 
EELAS(K1 )=EELAS(K1 )-THREE*FLOW(Kl )*DEQPL/TWO 
150 CONTINUE
DO 160 K1=NDI+1,NTENS 
STRESS(Kl)=FLOW(Kl)*S YIELD 
EPLAS(Kl)=EPLAS(Kl)+THREE*FLOW(Kl)*DEQPL 
EELAS(Kl)=EELAS(Kl)-THREE*FLOW(Kl)*DEQPL 
160 CONTINUE 
X=X+DEQPL
SPD=DEQPL*(SYIELO+SYIELD)/TWO
C
C UPDATE JACOB IAN 
C
EFFG=EG*SYIELD/SMISES 
EFFG2=TWO*EFFG 
EFFG3=THR EE* EFFG2/TW O 
EFFLAM=(EBULK3-EFFG2)/THREE 
DO 220 K1=1,NDI 
DO 210 K2=1,NDI 
DDSDDE(K2,K1 )=EFFLAM 
210 CONTINUE
DDSDDE(K 1, K 1 )=EFFG2+EFFLAM 
220 CONTINUE
DO 230 K1=NDI+1,NTENS 
DDSDDE(K 1 ,K 1 )=EFFG 
230 CONTINUE
DO 250 K1=1,NTENS 
DO 240 K2=1,NTENS 
DDSDDE(K2,K1)=DDSDDE(K2,K1)+FL0W(K2)*FL0W(K 1)
1 *(EFFHRD-EFFG3)
240 CONTINUE 
250 CONTINUE 
ENDIF 
ENDIF
C
C STORE STRAINS IN STATE VARIABLE ARRAY
C
DO 310 K1=1,NTENS 
STATEV(K1)=EELAS(K1)
STATEV(K1+NTENS)=EPLAS(K1)
310 CONTINUE
STATEV(1+2*NTENS)=X
C
RETURN
END
C
C SUBROUTINE FOR DETERMING YIELD STRESS AND PLASTIC STRAIN 
SUBROUTINE UHARD(SYIELDD,HARDD,IN_X,TEMP,HYDRO,IN_Y)
C INCLUDE ABA_PARAM.INC’
REAL TABLE(2,15),HARDD,DDDEQPL,TABLE1 (2,19)
REAL TEMP,HYDRO,IN_X,EQPLO,EQPL1,DSYIEL,SYIEL11.SYIEL00 
REAL SYIELDD
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REAL YIELDD, YHARDD,YEQPL1 ,IN_Y,YEQPLO,YDDEQPL 
REAL YYIELOO.YYIELl LYDSYIEL 
REAL XIELDD,XHARDD,XEQPL1 ,XEQPLO,XDDEQPL 
REAL XYIELOO.XYIEL1 l.XDSYIEL
NVALUE= 15 
N VALUE 1 = 19
ASSIGN THE VALUE OF STRESS STRAIN CURVE
TENSION STRESS STRAIN CURVE 
TENSION REGION
IF (TEMP .LT. 25.0) THEN 
TAB L E l( l .l )  =65.0
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TAB LE1 (1,1) = -0.065455 *TEMP + 66.636364 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TAB LEI (1,1) = -0.56*TEMP + 215 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,1) =-0.12*TEMP + 61 
ELSE
TAB LE1(1,1) =13.0 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE1(1,2) =82.0164 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TAB LEI (1,2) = -0.061831 *TEMP + 83.562164 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TAB LEI (1,2) = -0.4000800*TEMP + 185.0370000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1 (1,2) = -0.1400280*TEMP + 94.0188000 
ELSE
TABLE1(1,2) = 38.0076 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE1(1,3) =95.038 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,3) = -0.0727564*TEMP + 96.8569091 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,3) = -0.3241296*TEMP + 172.2688800 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TAB LEI (1,3) = -0.1760704*TEMP+ 120.448160 
ELSE
TABLE1(1,3) =50.02 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE1(1,4) =104.0624 
ELSEIF ((TEMP .GE. 25.0) AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,4) = -0.0764095*TEMP+ 105.9726364 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE 1 (1,4) = -0.3001800*TEMP + 173.1038000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE 1 (1,4) =-0.1801080*TEMP + 131.0786000 
ELSE
TABLE1(1,4) =59.0354 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE 1(1,5) =110.088 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
T A B LE10,5) = -0.0764247*TEMP + 111.9986182 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TAB LEI (1,5) =-0.2602080*TEMP+ 167.1336000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,5) = -0.1801440*TEMP + 139.1112000 
ELSE
TABLE1(1,5) =67.0536 
ENDIF
IF (TEMP .LT. 25.0) THEN
TABLE1(1,6) =117.117
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN
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TABLE1(1,6) = -0.0800800*TEMP + 119.11900 
ELSEIF ((TEMP ,GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,6) = -0.2402400*TEMP + 167.1670000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,6)= -0.1801800*TEMP + 146.1460000 
ELSE
TAB LE1(1,6) =74.074 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE1(L7) =122.1464 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TAB LEI (1,7) = -0.0815523*TEMP + 124.1852073 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1( 1,7) =-0.2222664*TEMP + 166.399440 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,7) =-0.2102520*TEMP + 162.194400 
ELSE
TABLE1(1,7) =78.0936 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE1(1,8) =126.6771 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,8) = -0.0819327*TEMP+ 128.7254182 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,8) = -0.2203080*TEMP+ 170.238000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,8) = -0.2042856*TEMP + 164.630160 
ELSE
TAB LEI (1,8) =82.91592 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE1(1,9) =130.7088 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,9) = -0.0826775*TEMP + 132.7757382 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,9) = -0.2163456*TEMP + 172.876160 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,9) = -0.2203520*TEMP + 174.278400 
ELSE
TABLE1(1,9) =86.1376 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE1(1,10) =134.7421 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,10) = -0.083423 *TEMP + 136.827665 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,10) = -0.242436*TEMP + 184.53156 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLEl(l.lO) = -0.198356*TEMP + 169.103840 
ELSE
TABLE1(1,10) =89.76128 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE1(1,11) =138.276 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,11) = -0.083804*TEMP + 140.371091 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,11) = -0.230460*TEMP + 184.368000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE 1(1,11) = -0.224448*TEMP + 182.2638 
ELSE
TAB LE1(1,11) =92.4846 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE1(1,12) =140.8091 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,12) = -0.081998 *TEMP+ 142.859055 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1 (1,12) =-0.240528*TEMP + 190.41800 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,12) = -0.200440*TEMP + 176.387200 
ELSE
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TAB LE1(1,12) =96.2112 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE1(1,13) =143.8444
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,13) = -0.085660*TEMP + 145.985891 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP LT. 350.0)) THEN 
TABLE1(1,13) =-0.230552*TEMP + 189.45360 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,13) = -0.220528 *TEMP + 185.94520 
ELSE
TAB LE1(1,13) =97.734 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE1(1,14) =146.3796 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,14) = -0.085677 *TEMP + 148.521518 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,14) = -0.230598*TEMP + 191.997900 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,14) = -0.220572*TEMP + 188.48880 
ELSE
TAB LE1(1,14) =100.26 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE1(1,15) =148.4144 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,15) = -0.087517*TEMP+ 150.602327 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,15) = -0.210588*TEMP + 187.523600 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,15)=-0.240672*TEMP+ 198.053000 
ELSE
TAB LE1(1,15) =101.7842 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE1(1,16) =151.453 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,16) = -0.093005*TEMP + 153.778136 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,16) =-0.200600*TEMP + 186.056500 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE 1(1,16) = -0.230690*TEMP + 196.588000 
ELSE
TAB LE1(1,16) =104.312 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE1(1,17) =153.4896 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE 1(1,17) = -0.092294*TEMP + 155.796960 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,17) =-0.204653* TEMP + 189.504480 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TAB LEI (1,17) = -0.250800*TEMP + 205.656000 
ELSE
TAB LE1(1,17) =105.336 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE1(1,18) =155.0253
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,18) = -0.091218*TEMP + 157.305755 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE 1(1,18) =-0.220748*TEMP + 196.164700 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,18) = -0.234796*TEMP + 201.081360 
ELSE
TAB LEI (1,18) =107.16312 
ENDIF
IF (TEMP .LT. 25.0) THEN
T A B LEH l,19) =156.5616
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN
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TABLE1(1,19) = -0.091236*TEMP + 158.842509 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,19) = -0.210756*TEMP + 194.698400 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,19) =-0.240864*TEMP + 205.236200 
ELSE
TABLE1(1,19) =108.8906 
ENDIF 
TABLE1(2,1)=0.0 
TABLE 1(2,2)=0.0002 
TAB LE1 (2,3)=0.0004 
TABLE1(2,4)=0.0006 
TABLE1(2,5)=0.0008 
TABLE1(2,6)=0.0010 
T ABLE 1 (2,7)=0.0012 
TABLE1(2,8)=0.0014 
TABLE1(2,9)=0.0016 
TABLE1(2,10)=0.0018 
TAB LEI (2,11)=0.0020 
TABLE1(2,12)=0.0022 
TABLE1 (2,13)=0.0024 
TABLE1 (2,14)=0.0026 
TAB LEI (2,15)=0.0028 
T ABLE1 (2,16)=0.0030 
TABLE1(2,17)=0.0032 
T ABLE 1 (2,18)=0.0034 
T ABLE 1(2,19)=0.0036
C SET YIELD STRESS TO LAST VALUE OF TABLE, HARDENING TO ZERO 
SYIELDD=TABLE1 (1 ,NVALUE1)
HARDD=0.0
C
C IF MORE THAN ONE ENTRY, SEARCH TABLE
c
IF(NVALUE1 .GT. 1) THEN 
DO 430 K1=1,NVALUE1-1 
EQPL1=TABLE1(2,K1+1)
IF(IN_X LT. EQPL1) THEN 
EQPL0=T AB LE 1 (2,K1)
IF(EQPL1 LE.EQPL0) THEN 
WRITE(6,1)
CALL XIT 
ENDIF
C
C CURRENT YIELD STRESS AND HARDENING
C
DDDEQPL=EQPL 1 -EQPL0 
SYIEL00=TABLE1(1,K1)
SYIEL11=TABLE1(1,K1+1)
D SYIEl^SYlELl 1-SY1EL00 
HARDD=DSYIEL/DDDEQPL 
SYIELDD=SYIEL00+(IN_X-EQPL0)*HARDD 
GOTO 440 
ENDIF 
430 CONTINUE 
440 CONTINUE 
ENDIF 
RETURN 
END
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Appendix 5: User-Developed Subroutine Material Model fo r  Cast Iron
MODEL FOR CAST IRON
*DEPVAR
14
*USER SUBROUTINE
SUBROUTINE UMAT(STRESS,STATEV,DDSDDE,SSE,SPD.SCD,
1 RPL,DDSDDT,DRPLDE,DRPLDT,STRAN,DSTRAN,
2 TIME,DTIME,TEMP,DTEMP,PREDEF,DPRED,MATERL,NDI,NSHR,NTENS,
3 NSTATV,PROPS,NPROPS,COORDS,DROT,PNEWDT,CELENT,
4 DFGRDO,DFGRD1,NOEL,NPT,KSLAY,KSPT,KSTEP,KINC)
C
INCLUDE ABA_P ARAM. INC'
C
CHARACTER*8 MATERL
DIMENSION STRESS(NTENS),STATEV(NSTATV),
1 DDSDDE(NTENS,NTENS),DDSDDT(NTENS),DRPLDE(NTENS),
2 STRAN(NTENS),DSTRAN(NTENS),TIME(2),PREDEF( 1 ),DPRED( I),
3 PROPS(NPROPS),COORDS(3),DROT(3,3),
4 DFGRDO(3,3),DFGRD 1 (3,3)
REAL VALUE,X,EQPLAS 1 ,SHYDRO,SYIELD,HARD,DEQPL,SYIELO,Y
C
DIMENSION EELAS(6),EPLAS(6),FLOW(6)
DIMENSION ETHERM(6),DTHERM(6),DELDSE(6,6)
PARAMETER (ONE=I.0D0,TWO=2.0D0,THREE=3.0D0,SIX=6.0D0)
DATA NEWTON,TOLER/IO,l.D-6/
C
C
IF (NDI.NE.3) THEN 
WRITE(6,1)
1 FORMAT(//,30X,***ERROR - THIS UMAT MAY ONLY BE USED FOR ',
1 ELEMENTS WITH THREE DIRECT STRESS COMPONENTS')
ENDIF
C
C ELASTIC PROPERTIES
C ASSIGN YOUNG'S MODULUS AND POSSION'S RATIO 
EMODO= 116500.0 
ENU=0.26
VALUE = TEMP+DTEMP 
IF(ENU.GT.0.4999.AND.ENU.LT.0.5001) ENU=0.499 
EBULK30=EMODO/(ONE-TWO*ENU)
EG20=EMODO/(ONE+ENU)
EG0=EG20/TWO
EG30=THREE*EG0
ELAMO=(EBULK30-EG20)/THREE
C FOR TEMPERATURE INCREMENT 
EMOD= 116500.0 
EBULK3=EMOD/(ONE-TWO*ENU)
EG2=EMOD/(ONE+ENU)
EG=EG2/TWO 
EG3=THREE*EG 
ELAM=(EBULK3-EG2)/THREE 
C ELASTIC STIFFNESS AT THE END OF INCREMENT AND STIFFNESS DUE TO TEMPERATURE 
C
DO 20 K1=1,NTENS 
DO 10 K2=1,NTENS 
DDSDDE(K2,K1)=0.0 
DELDSE(K2,K1)=0.0 
10 CONTINUE 
20 CONTINUE 
C
DO 40 K1=1,NDI 
DO 30 K2=1,NDI 
DDSDDE(K2,K1 )=ELAM 
DELDSE(K2,K1 )=ELAM-ELAM0 
30 CONTINUE
DDSDDE(K 1 ,K1 )=EG2+ELAM 
DELDSE(K 1 ,KI )=EG2+ELAM-EG20-ELAM0 
40 CONTINUE
DO 50 K 1 =NDI+1 .NTENS 
DDSDDE(K 1, K1 )=EG 
DELDSE(K 1 ,K 1 )=EG-EG0
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50 CONTINUE 
C
C ASSIGN EXPANSION COEFFICIENT 
IF (VALUE .LT. 200.0) THEN 
EXPAN_C=0.00001 
ELSE 
EXPAN_C=0.0000125 
END IF
C CALCULATE THERMAL EXPANS ION 
DO K1 =1, NDI
ETHERM(K1)=EXPAN_C*TEMP 
DTHERM(K1)=EXPAN_C*DTEMP 
END DO
C CALCULATE STRESS FROM ELASTIC STRAINS AND THERMAL STRAIN 
C
DO KI=NDI+1,NTENS 
ETHERM(Kl) = 0.0 
DTHERM(Kl) = 0.0 
END DO
DO 70 K1=I,NTENS 
DO 60 K2=1,NTENS 
STRESS(K2)=STRESS(K2)+DDSDDE(K2,K1)*(DSTRAN(K1)-DTHERM(K1)) 
1 +DELDSE(K2,K1)*( STRAN(KI)-ETHERM(K 1))
60 CONTINUE
ETHERM(K1)=ETHERM(K1)+DTHERM(K1)
70 CONTINUE 
C
C RECOVER ELASTIC AND PLASTIC STRAINS 
C
DO 80 K1=1,NTENS 
EELAS(K1)=STATEV(K1 )+DSTRAN(K 1)-ETHERM(K1)
EPLAS(K 1 )=STATEV(K 1+NTENS)
80 CONTINUE
EQPLAS=STATEV( 1 +2*NTENS)
EQPLAS1 =STATEV( 1 +2*NTENS+1)
C
C IF NO YIELD STRESS IS GIVEN. MATERIAL IS TAKEN TO BE ELASTIC
C
IF(NPROPS.GT.2.AND.PROPS(3).GT.O.O) THEN
C
C MISES STRESS 
C
SH YDRO=(STRESS( 1 )+STRESS(2)+STRESS(3))/THREE 
SMISES=(STRESS(1)-STRESS(2))*(STRESS(1)-STRESS(2)) +
1 (STRESS(2)-STRESS(3))*(STRESS(2)-STRESS(3)) +
1 (STRESS(3)-STRESS(1))*(STRESS(3)-STRESS(1))
DO 90 K 1 =NDI+1 ,NTENS
SMISES=SMISES+SIX*STRESS(K1)*STRESS(K1)
90 CONTINUE
SMISES=SQRT(SMISES/TWO)
C
C HARDENING CURVE, GET YIELD STRESS
C
IF (SHYDRO .LE. 0.0) THEN 
X = EQPLAS 1
Y = EQPLAS
ELSE
X = EQPLAS
Y = EQPLAS 1
C X FROM EQPLAS TENSION 
ENDIF
CALL UHARD(SYIEL0,HARD,X,VALUE,SHYDRO,Y)
C
C DETERMINE IF ACTIVELY YIELDING 
C
IF (SMISES.GT.(1,0+TOLER)*SYIELO) THEN
C
C FLOW DIRECTION 
C
SH YDRO=(STRESS( 1 )+STRESS(2)+STRESS(3))/THREE 
ONES Y=ONE/SM ISES 
DO 110 K1=1,NDI 
FLOW(Kl )=ONESY*(STRESS(Kl )-SHYDRO)
110 CONTINUE
DO 120 K 1 =NDI+1 ,NTENS 
FLOW(K 1 )=STRESS(K 1 )*ONESY 
120 CONTINUE
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C
C SOLVE FOR EQUIV STRESS AND PLASTIC STRAIN 
C
SYIELD=SYIELO
DEQPL=0.0
DO 130 KEWTON=l,NEWTON 
RHS=SMISES-EG3 *DEQPL-S YIELD 
DEQPL=DEQPL+RHS/(EG3+HARD)
CALL UHARD(S YIELD,HARD.X+DEQPL, VALUE,SHYDRO.Y)
IF(ABS(RHS).LT.TOLER*SYIELO) GOTO 140 
130 CONTINUE
WRITE(6,2) NEWTON
2 FORMAT(//,30X,'***WARNING - PLASTICITY ALGORITHM DID NOT ',
1 'CONVERGE AFTER ',13,' ITERATIONS’)
140 CONTINUE
EFFHRD=EG3*HARD/(EG3+HARD)
C
C CALC STRESS AND UPDATE STRAINS 
C
DO 150 K1=1,NDI 
STRESS(Kl)=FLOW(Kl)*SYIELD+SHYDRO 
EPLAS(Kl)=EPLAS(Kl)+THREE*FLOW(Kl)*DEQPL/TWO 
EELAS(Kl)=EELAS(Kl)-THREE*FLOW(Kl)*DEQP17TWO 
150 CONTINUE
DO 160 K1=NDI+1,NTENS 
STRESS(Kl)=FLOW(Kl)*SYIELD 
EPLAS(Kl)=EPLAS(Kl)+THREE*FLOW(Kl)*DEQPL 
EELAS(Kl)=EELAS(Kl)-THREE*FLOW(Kl)*DEQPL 
160 CONTINUE 
X=X+DEQPL
SPD=DEQPL*(SYIELO+SYIELD)/TWO
C
C UPDATE JACOB IAN 
C
EFFG=EG*SYIELD/SMISES 
EFFG2=TWO*EFFG 
EFFG3=THREE*EFFG2/TWO 
EFFLAM=(EB U LK3 -EFFG2)/THREE 
DO 220 K1=1,NDI 
DO 210 K2=1,NDI 
DDSDDE(K2,K1)=EFFLAM 
210 CONTINUE
DDSDDE(K 1 ,K 1 )=EFFG2+EFFLAM 
220 CONTINUE
DO 230 K 1 =NDI+1 ,NTENS 
DDSDDE(K 1 ,KI)=EFFG 
230 CONTINUE
DO 250 K1=1,NTENS 
DO 240 K2=1,NTENS 
DDSDDE(K2,Kl)=DDSDDE(K2,Kl)+FLOW(K2)*FLOW(Kl)
1 *(EFFHRD-EFFG3)
240 CONTINUE 
250 CONTINUE 
ENDIF 
ENDIF
C
C STORE STRAINS IN STATE VARIABLE ARRAY 
C
DO 310 K1=1,NTENS 
STATEV(K 1 )=EELAS(K 1)
STATEV(K1 +NTENS)=EPLAS(K1)
310 CONTINUE
IF (SHYDRO LE. 0.0) THEN 
STATEV(1+2*NTENS+1 )=X 
C ASSIGN X TO STATE 14 
ELSE
STATEV(1+2*NTENS)=X
ENDIF
C
RETURN
END
C
C SUBROUTINE FOR DETERMINING YIELD STRESS AND PLASTIC STRAIN FROM STRESS STRAIN CURVES 
SUBROUTINE UHARD(SYIELDD.HARDD,IN_X,TEMP,HYDRO,IN_Y)
C INCLUDE 'ABA_PARAM.INC'
REAL TABLE(2,15),HARDD,DDDEQPL,TABLE1 (2,19)
REAL TEMP,HYDRO,IN_X,EQPL0,EQPL1,DSYIEL,SYIEL1 l.SYIELOO
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REAL SYIELDD
REAL YIELDD,YHARDD,YEQPL1 ,IN_Y,YEQPLO,YDDEQPL 
REAL YYIEL00.YY1EL1 l.YDSYIEL 
REAL XIELDD,XHARDD,XEQPL1 ,XEQPLO,XDDEQPL 
REAL XY1ELOO.XYIEL1 l.XDSYIEL
N VALUE = 15 
NVALUEI = 19
ASSIGN THE VALUE OF STRESS STRAIN CURVE 
COMPRESSION REGION
IF (TEMP .LT. 25.0) THEN 
TAB LE(1,1) =105.0
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TA B LE(l.l) = -0.058182*TEMP + 106.454545 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE(1,1) =-0.240000*TEMP +161.000000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TA B LE(l.l) =-0.180000*TEMP + 140.000000 
ELSE
TAB LE(1,1) =68.0 
ENDIF
IF (TEMP LT. 25.0) THEN 
TABLE(1,2) =220.22
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE(1,2) = -0.080080*TEMP + 222.22200 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE(1,2) =-0.760560*TEMP + 426.366000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE(1,2) = -0.380020*TEMP + 293.177000 
ELSE
TABLE(1,2) =141.169 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE(1,3) =270.54
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE(1,3) = -0.102022*TEMP + 273.090545 
ELSEIF ((TEMP ,GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE(1,3) = -0.801200*TEMP + 482.84400 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE(1,3) =-0.580440*TEMP + 405.578000 
ELSE
TAB LE(1,3) =173.402 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE(1,4) =301.903
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TAB LE(1,4) = -0.131302*TEMP + 305.185545 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE( 1,4) =-0.641320*TEMP + 458.191000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE(1,4) =-0.801320*TEMP + 514.191000 
ELSE
TAB LE(1,4) =193.663 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE(1,5) =326.3 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE(1,5) = -0.153338*TEMP + 330.133455 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE(1,5) = -0.641760*TEMP + 476.660000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE(1,5) = -0.882080*TEMP + 560.772000 
ELSE
TABLE(1,5) =207.94 
ENDIF
IF (TEMP .LT. 25.0) THEN
TAB LE(1,6) =343.71
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN
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TABLE(1,6) = -0.160800*TEMP + 347.730000 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE(1,6) = -0.602000*TEMP + 480.090000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE(1,6) = -1.023300*TEMP + 627.545000 
ELSE
TABLE(1,6) =218.225 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE(1,7) =357.13 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE(1,7) = -0.171935*TEMP + 361.428364 
ELSEIF ((TEMP ,GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE(1,7) =-0.562160*TEMP + 478.496000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE(1,7) = -1.104440*TEMP + 668.294000 
ELSE
TABLE(1,7) =226.518 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE(1,8) =370.576 
ELSEIF ((TEMP GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE(1,8) = -0.179429*TEMP + 375.061727 
ELSEIF ((TEMP GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE(1,8) = -0.602800*TEMP + 502.073000 
ELSEIF ((TEMP ,GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE(1,8) = -1.125320*TEMP + 684.95500 
ELSE 
TABLE(1,8) =234.827 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE( 1,9) =380.016 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE(1,9) = -0.183273*TEMP + 384.597818 
ELSEIF ((TEMP ,GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE(1,9) = -0.583040*TEMP + 504.528000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE( 1,9) =-1.166400*TEMP + 708.704000 
ELSE 
TABLE(1,9) =242.144 
ENDIF
IF (TEMP ,LT. 25.0) THEN 
TABLE(l.lO) =392.501 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE(l.lO) = -0.205469*TEMP + 397.637727 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE(1,10) =-0.563240*TEMP + 504.969000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE(l.lO) =-1.227740*TEMP + 737.544000 
ELSE
TABLE(l.lO) =246.448 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE(1,11) =400.97 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE(1,11) = -0.202000*TEMP + 406.020000 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
T A B L E (L ll) =-0.583800*TEMP + 520.560000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE(1,11) =-1.269000*TEMP + 760.38000 
ELSE
TABLE(1,11) =252.78 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE(1,12) =409.455
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE( 1,12)= -0.209553 *TEMP + 414.693818 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE(1,12) =-0.584180*TEMP + 527.082000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE(1,12) =-1.310340*TEMP + 781.23800 
ELSE
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TABLE(1,12) =257.102 
ENDIF
C
IF (TEMP .LT. 25.0) THEN 
TABLE(1,13) =415.932 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE(1,13) = -0.206080*TEMP + 421.084000 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE(1,13) = -0.584560*TEMP + 534.62800 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE(1,13) = -1.372000*TEMP+ 810.232000 
ELSE
TABLE(1,13) =261.432 
ENDIF
C
IF (TEMP .LT. 25.0) THEN 
TAB LE(1,14) =424.447 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TAB LE( 1,14) = -0.213651 “T EM P + 429.788273 
ELSEIF ((TEMP GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE(1,14) =-0.584940*TEMP + 541.175000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE(1,14) = -1.413520*TEMP + 831.178000 
ELSE
TABLE(1,14) =265.77 
ENDIF
C
IF (TEMP .LT. 25.0) THEN 
TABLE(1,15) =430.95 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE(1,15) = -0.217549*TEMP + 436.388727 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE(1,15) = -0.585320*TEMP + 546.72000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE(1,15) = -1.475400*TEMP+ 858.248000 
ELSE
TABLE(1,15) =268.088 
ENDIF
TABLE(2,1)=0.0
TABLE(2,2)=0.001
TABLE(2,3)=0.002
TABLE(2,4)=0.003
TABLE(2,5)=0.004
TABLE(2,6)=0.005
TABLE(2,7)=0.006
TABLE(2,8)=0.007
TABLE(2,9)=0.008
TABLE(2,10)=0.009
TABLE(2,11)=0.010
TABLE(2,12)=0.011
TABLE(2,13)=0.012
TABLE(2,14)=0.013
TABLE(2,15)=0.014
C TENSION STRESS STRAIN CURVE 
C TENSION REGION 
C
IF (TEMP .LT. 25.0) THEN 
TABLE1(1,I) =65.0
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,1) = -0.065455*TEMP + 66.636364 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,1) = -0.56*TEMP + 215
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE 1(1,1) =-0.12*TEMP + 61 
ELSE
TAB LE1(1,1) =13.0 
ENDIF
C
IF (TEMP .LT. 25.0) THEN 
TABLE1(1,2) =82.0164
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,2) = -0.061831*TEMP + 83.562164 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TAB LEI (1,2) = -0.4000800*TEMP + 185.0370000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN
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TABLE1(1,2) = -0.1400280*TEMP + 94.0188000 
ELSE
TABLE1(1,2) = 38.0076 
ENDIF
C
IF (TEMP .LT. 25.0) THEN 
TAB LEI (1,3) =95.038
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP LT. 300.0)) THEN 
TABLE1(1,3) = -0.0727564*TEMP + 96.8569091 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,3) = -0.3241296*TEMP + 172.2688800 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP LT. 400.0)) THEN 
TABLE1(1,3) = -0.1760704*TEMP + 120.448160 
ELSE
TABLE1(1,3) =50.02 
ENDIF
C
IF (TEMP .LT. 25.0) THEN 
TAB LEI (1,4) =104.0624
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,4) = -0.0764095*TEMP + 105.9726364 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TAB LEI (1,4) = -0.3001800*TEMP + 173.1038000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TAB LE1 (1,4) =-0.1801080*TEM P + 131.0786000 
ELSE
TAB LEI (1,4) =59.0354 
ENDIF
C
IF (TEMP .LT. 25.0) THEN 
TABLE1 (1,5) =110.088 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,5)= -0.0764247*TEMP + 111.9986182 
ELSEIF ((TEMP .GE. 300.0) AND. (TEMP LT. 350.0)) THEN 
TABLE1(1,5) =-0.2602080*TEMP + 167.1336000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1 (1,5) = -0.1801440*TEMP + 139.1112000 
ELSE
TAB LEI (1,5) =67.0536 
ENDIF
C
IF (TEMP .LT. 25.0) THEN 
TABLE1(1,6) =117.117 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,6) = -0.0800800*TEMP + 119.11900 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,6) = -0.2402400*TEM P + 167.1670000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,6)= -0.1801800*TEM P + 146.1460000 
ELSE
TAB LEI (1,6) =74.074 
ENDIF
C
IF (TEMP .LT. 25.0) THEN 
TAB LE1(1,7) =122.1464 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,7) = -0.0815523*TEMP + 124.1852073 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,7) =-0.2222664*TEMP+ 166.399440 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,7) =-0.2102520*TEMP + 162.194400 
ELSE
TABLE1(1,7) =78.0936 
ENDIF
C
IF (TEMP .LT. 25.0) THEN 
TABLE1(1,8) =126.6771 
ELSEIF ((TEMP GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,8) = -0.0819327*TEMP+ 128.7254182 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,8)= -0.2203080*TEMP + 170.238000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TAB LEI (1,8) = -0.2042856*TEMP+ 164.630160 
ELSE
TABLE1(1,8) =82.91592 
ENDIF
C
IF (TEMP .LT. 25.0) THEN
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TABLE1(1,9) =130.7088 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP LT. 300.0)) THEN 
TAB LEI (1,9) = -0.0826775*TEMP + 132.7757382 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TAB LEI (1,9) = -0.2163456’* TEMP + 172.876160 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,9) = -0.2203520*TEMP + 174.278400 
ELSE
TABLE1(1,9) =86.1376 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE1(1,10) =134.7421 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,10) = -0.083423*TEMP + 136.827665 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLEI(LIO) = -0.242436*TEMP + 184.53156 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TA B LEl(U O ) = -0.198356*TEMP + 169.103840 
ELSE
TABLE1(1,10) =89.76128 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE1(1,11) =138.276 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TAB LE1 (1,11) = -0.083 804*TEMP + 140.371091 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TAB LEI (1,11) = -0.230460*TEMP + 184.368000 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
T A B L E l(L ll) = -0.224448*TEMP + 182.2638 
ELSE
TAB LE1(1,11) =92.4846 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE1(1,12) =140.8091 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,12) = -0.081998*TEMP + 142.859055 
ELSEIF ((TEMP GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,12) =-0.240528*TEMP + 190.41800 
ELSEIF ((TEMP GE. 350.0) .AND. (TEMP LT. 400.0)) THEN 
TAB LEI (1,12) = -0.200440*TEMP + 176.387200 
ELSE
TABLE1(1,12) =96.2112 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE1(1,13) =143.8444 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,13) = -0.085660*TEMP + 145.985891 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TAB LEI (1,13) =-0.230552*TEMP + 189.45360 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE 1(1,13) = -0.220528*TEMP + 185.94520 
ELSE
TABLE1(1,13) =97.734 
ENDIF
IF (TEMP .LT. 25.0) THEN 
T A B L E ld, 14) =146.3796 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,14) = -0.085677*TEMP + 148.521518 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,!4) = -0.230598*TEMP + 191.997900 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,14) = -0.220572*TEMP + 188.48880 
ELSE
TAB LE1(1,14) =100.26 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE1(1,15) =148.4144
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,15) = -0.087517*TEMP + 150.602327 
ELSEIF ((TEMP GE. 300.0) .AND. (TEMP LT. 350.0)) THEN 
TABLE1(1,15) = -0.210588*TEMP + 187.523600 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP LT. 400.0)) THEN
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TABLE1(1,15) =-0.240672*TEMP + 198.053000 
ELSE
TAB LE1(1,15) =101.7842 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TABLE1(1,16) =151.453 
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,16) = -0.093005*TEMP + 153.778136 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP .LT. 350.0)) THEN 
TABLE1(1,16) =-0.200600*TEMP + 186.056500 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TAB LEI (1,16) = -0.230690*TEMP + 196.588000 
ELSE
TABLE1(1,16) =104.312 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE1(1,17) =153.4896
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TABLE1(1,17) = -0.092294*TEMP + 155.796960 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP LT. 350.0)) THEN 
TAB LEI (1,17) =-0.204653 *TEM P + 189.504480 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,17) = -0.250800*TEMP + 205.656000 
ELSE
TAB LE1(1,17) =105.336 
ENDIF
IF (TEMP .LT. 25.0) THEN 
TAB LE1(1,18) =155.0253
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TAB LEI (1,18) = -0.091218*TEMP + 157.305755 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP LT. 350.0)) THEN 
TABLE1 (1.18) =-0.220748*TEMP + 196.164700 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TABLE1(1,18) = -0.234796*TEMP + 201.081360 
ELSE
TAB LE1(1,18) =107.16312 
ENDIF
IF (TEMP.LT. 25.0) THEN 
TAB LE1(1,19) =156.5616
ELSEIF ((TEMP .GE. 25.0) .AND. (TEMP .LT. 300.0)) THEN 
TAB LEI (1,19) = -0.091236*TEMP + 158.842509 
ELSEIF ((TEMP .GE. 300.0) .AND. (TEMP LT. 350.0)) THEN 
TAB LEI (1,19) = -0.2I0756*TEMP + 194.698400 
ELSEIF ((TEMP .GE. 350.0) .AND. (TEMP .LT. 400.0)) THEN 
TAB LEI (1,19) =-0.240864*TEMP + 205.236200 
ELSE
TABLE1(1,19) =108.8906 
ENDIF
TABLE1(2,1)=0.0 
TABLE1(2,2)=0.0002 
TAB LE 1 (2,3)=0.0004 
TABLE 1 (2,4)=0.0006 
TABLE1(2,5)=0.0008 
TAB LE I (2,6)=0.0010 
TABLE1(2,7)=0.0012 
TABLE1(2,8)=0.0014 
TABLE 1 (2,9)=0.0016 
TABLE1(2,10)=0.0018 
T AB LE 1 (2,11 )=0.0020 
TAB LE 1 (2,12)=0.0022 
TAB LE I (2,13)=0.0024 
TAB LE 1 (2,14)=0.0026 
TABLE1(2,15)=0.0028 
TABLE1 (2,16)=0.0030 
TABLE1(2,17)=0.0032 
TABLE1(2,18)=0.0034 
TABLE1(2,19)=0.0036
cccccccccccccccccccccccccccccccccccccccccc 
IF (HYDRO LE. 0.0) THEN
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C SET YIELD STRESS TO LAST VALUE OF TABLE, HARDENING TO ZERO 
SYIELDD=TABLE(1,NVALUE)
HARDD=0.0
C
C IF MORE THAN ONE ENTRY, SEARCH TABLE 
C
IF(NVALUE.GT. 1) THEN 
DO 410 K1=1,NVALUE-1 
EQPL1=TABLE(2,K1 + 1)
IF(IN_X LT. EQPL1) THEN 
EQPL0=T AB LE(2,K 1)
IF(EQPL1 LE.EQPLO) THEN 
WRITE(6,1)
1 FORMAT(//,30X,'***ERROR - PLASTIC STRAIN MUST BE ',
1 'ENTERED IN ASCENDING ORDER')
CALL XIT 
ENDIF
C
C CURRENT YIELD STRESS AND HARDENING
C
DDDEQPL=EQPL1 -EQPL0
S YIELOO=T ABLE( 1 ,K 1)
SYIEL11=TABLE(1,K1 + 1)
DSYIEL=SYIEL11 -S YIEL00 
HARDD=DSYIEL/DDDEQPL 
SY1ELDD=SYIEL00+(IN_X-EQPL0)*HARDD 
GOTO 420 
ENDIF 
410 CONTINUE 
420 CONTINUE 
ENDIF
C SET ENDIF FOR DIFFERENT YIELD SURFACE IN TENSION 
ENDIF
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
IF (HYDRO .GE. 30.0) THEN
C SET YIELD STRESS TO LAST VALUE OF TABLE, HARDENING TO ZERO
S Y1ELDD=TAB LE1 (1 ,N VALUE 1)
HARDD=0.0
C
C IF MORE THAN ONE ENTRY, SEARCH TABLE 
C
IF(NVALUEl.GT.I) THEN 
DO 430 K1=1,NVALUE1-1 
EQPL1=TABLE1(2,K1 + 1)
IF(IN_X .LT. EQPL1) THEN 
EQPL0=T ABLE 1 (2,K 1)
IF(EQPL1 .LE.EQPLO) THEN 
WRITE(6,1)
CALL XIT 
ENDIF
C
C CURRENT YIELD STRESS AND HARDENING 
C
DDDEQPL=EQPL1 -EQPL0 
SYIEL00=TABLE1(1,K1)
SYIEL11=TABLE1(1,K1+1)
DSYIEL=SYIEL11-SYIEL00 
HARDD=DSY1EL/DDDEQPL 
SYIELDD=SYIEL00+(IN_X-EQPL0)*HARDD 
GOTO 440 
ENDIF 
430 CONTINUE 
440 CONTINUE 
ENDIF
C SET ELSEIF FOR TENSION YIELD SURFACE BEYOND TRANSIENT 
ENDIF
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
IF (HYDRO GT. 0.0 .AND. HYDRO LT. 30.0) THEN
C FIND COMPRESSION STRESS FROM IN_Y
C SET YIELD STRESS TO LAST VALUE OF TABLE, HARDENING TO ZERO 
Y1ELDD=TABLE( 1 ,N VALUE)
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YHARDD=0.0
C
C IF MORE THAN ONE ENTRY, SEARCH TABLE
C
IF(NVALUE.GT. 1) THEN 
DO 450 K1=1,NVALUE-1 
YEQPL1 =TABLE(2,K 1+1)
IF(IN_Y LT. YEQPL1) THEN 
YEQPL0=TAB LE(2, K1)
IF(YEQPL1 .LE.YEQPLO) THEN 
WRITE(6,1)
CALL XIT 
ENDIF
C
C CURRENT YIELD STRESS AND HARDENING
C
YDDEQPL=YEQPL1 -YEQPLO 
YYIELOO=TABLE( 1.K1)
YYIEL11 =TABLE( 1 ,K I+1)
YDSYIEL=YYIEL11-YYIELOO
YHARDD=YDSYIEL/YDDEQPL
YIELDD=YYIELOO+(IN_Y-YEQPLO)*YHARDD
GOTO 460
ENDIF
450 CONTINUE
460 CONTINUE 
ENDIF
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
C SET YIELD STRESS TO LAST VALUE OF TABLE, HARDENING TO ZERO 
XIELDD=TABLE1 (1 .NVALUEl)
XHARDD=0.0
C
C IF MORE THAN ONE ENTRY, SEARCH TABLE
C
IF(NVALUE1 ,GT. 1) THEN 
DO 470 K1=1,NVALUE1-1 
XEQPL1=TABLE1(2,K1+1)
IF(IN_X .LT. XEQPL1) THEN 
XEQPL0=TAB LE1 (2,K I )
IF(XEQPL1 LE.XEQPL0) THEN 
WRITE(6,1)
CALL XIT 
ENDIF
C
C CURRENT YIELD STRESS AND HARDENING
C
XDDEQPI^XEQPLl -XEQPL0 
XYIEL00=TABLE1 (1 ,K 1)
XYIEL11=TABLE1(1,KI + 1)
XDSYIEL=XYIEL11-XYIELOO
XHARDD=XDSYIEL/XDDEQPL
XIELDD=XYIEL00+(IN_X-XEQPL0)*XHARDD
GOTO 480
ENDIF
470 CONTINUE
480 CONTINUE 
ENDIF
CCCCCCCCCCCCCCCCCCCCCCCCCCC
SYIELDD = (XIELDD-YIELDD)*HYDRO/30.0+YIELDD
C HARDD = XHARDD’ HYDRO/IOO.O 
HARDD = XHARDD
CCCCCC SET ENDIF FOR TRANSIENT SECTION CCCCCC 
ENDIF
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
RETURN
190
